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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax* +bx +c=0,
o - ~bEb® —4ac
2a

Binomial expansion

(a+b)"=a" +(:Ja”‘lb+(g a"2p? + .. +(:Ja”‘rbr + .. +b",

I — _
where n is a positive integer and 8 L nn-1 .. (n-r+1
r) ri(n-r)! r!

2. TRIGONOMETRY
Identities
sin® A+cos’? A=1

sec’ A=1+tan’ A
cosec’A=1+cot* A
sin(A+ B) =sin AcosB +cosAsin B
cos(A+B) =cosAcosB Fsin Asin B

tan A+tan B

tan(A+B)=———
l1xtan AtanB

sin2A =2sin Acos A

c0s2A =cos* A—sin? A=2cos* A—1=1-2sin* A

tan2A= _2@NA
1-tan“ A
Formulae for AABC
a b c

sinA:sinB :sinC

a’=b?*+c?—2bccosA

A:lbcsinA
2



Answer all the questions.

2x% —4x* +x-18 . . . [6]
5 > in partial fractions.
X°—2X°+4x-8

1 Express

2

X —2x2+4x—8 | 2x°—4x? +x-18
- (2x3 —4x? +8x—16)

—7X-2

2X3_4XZ+X_18—2+ —7x—2
(x=2)(x* +4) - (x=2)(x* +4)

—Ix-2= A(x2+4)+(Bx+C)(x—2)
When x=2, -14-2=8A= A=-2

Comparing coefficients of X2, 0=A+B=B=2

. 2=4A-2C=2C=-8+2=-6
Comparing constants,

2x3—4x2+x—18_2 2 2x-3
X3 —2x* +4x -8 X—2 XxX*+4°

Cedar Girls’ Secondary School 4049/01/S4/Prelim/2023 [Turn over



2 Two vertices of a rhombus ABCD are A(-2,-5) and C(4,7).

(a) Find the equation of the diagonal BD.

Gradient of AC = L_Z =2

Gradient of BD :—%

Midpoint of AC = (_2+4, mhal
2 2
Equation of BD: y—-1=—-%(x-1)
B
2 2

If the gradient of the side BC is 3, find

(b) the coordinates of B and of D.

Equation of AD: y+5=3(x+2)

y=3x+1
At D, —1x+§=3x+1
2 2
1
X==
7

1 10
_3l 41222
d (7j+ 7

Coordinates of D = (19)
7 7

J-ay

or Equation of BC: y—7=3(x—4)

y=3x-5
At B, —1x+§=3x—5
2 2
13
X==
7

13 4
_3l 2|52
d (7j 7

Coordinates of B = (13 ;j

Making use of mid-point formula, let B = (x,y) or D =(X,y)

1 10
X7 .1  and Y*7 4
2
13 4
X== and y=—
7 7
Coordinates of B = (Lﬂj
77
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5

3 Theequation of a curve is y = x> +hx® +kx+9, where h and k are constants.

(@) Show that if y increases as x increases, then 3k —h? > 0. [3]

d—y=3x2+2hx+k
dx

If y increases as x increases, then dy =3x% +2hx+k >0,

dx
As 3>0, then b?>—4ac<0

(2h)* —4(3)(k) <0
4h? —12k <0
3k —h? > 0.

(b) Inthe case when h=-5 and k =3, find the x-coordinate of each of the points
at which the curve meets the x-axis. [3]

Since curve meets x-axis, x> —5x*+3x+9=0
Let f(x) = x> —5x* +3x+9

Since f(-1) = (-1’ -5(-1)*-3+9=0

(x+1) is a factor of f(x).

x> —6X+9
x+1 |x*—5x2+3x+9

Therefore, (x2 —BX+ 9)(x +1)=0

(x—3)2(x+1):0
x=3o0or x=-1
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6
4 (a) Given that the constant term in the binomial expansion of (x+5j is —160,
X

3
find the value of the constant k. 3]
6 o '
General term = [ j(x)6 (Kj
r X
6-2r=0
r=3
Since constant term is —160,
6
( Jk"ﬂ =-160
3
k= 3/—160 _
20
(b) Using the value of k found in part (a), show that there is no constant term in
6
the expansion of (x+5j (2x*+3). [3]
X

2Y 2 (ny2 -
(x—;j (2x +3)_(2x +3)(...Term in x2 + Constant term +)

Fortermin x?2, 6—-2r=-2
r=4

6 _ 4
Termin x?2= ( ](x)2 (—Zj :ﬂzo
4 X X

Constant term in expansion = 2(240)+3(-160) =0
Hence there is no constant term in the expansion.
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5 (a) The equation of a quadratic curve is y =2x*+ px+16. Given that y <0 only
when 2 < x <k, find the value of p and of k. [3]

Since 2x*+ px+16<0when 2< x <Kk,
2(x—-2)(x—k)<0

2x* —(2k +4)x+4k <0

By comparing, 4k =16 = k =4.

By comparing, p=—(2k +4)=—(8+4)=-12

(b) Inthe case where p=-14, find the value of m for which the line y =2x+m
is a tangent to the quadratic curve, y =2x?+ px+16. [3]

Since line cuts curve, 2x+m=2x> —-14x+16.
2x* —16x+16-m=0

Since line is a tangent to curve, b —4ac=0
(-16)" —4(2)(16-m)=0

(16—m)=256+8

m=-16
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8

6 Mary and Sally took part in a shot put competition. The heights, in metres, of
Mary’s and Sally’s shot put throws can be modelled by the quadratic functions
7 2 1 2 8 . .
f(X)=———(x—6) +3 and g(x) =——x* +—x+— respectively, where x m is
9 180( ) 9(x) 35 5 5 P Y
the horizontal distance of the shot put from the starting line.

(@) Express g(x) in the form g(x) = a(x + b)2 +c where a, b and ¢ are constants. [2]
1 2 2 2 8
X)=——(X"-14X+7" -7 )+ =
909 =—5( )+

g(x) = —3—11__)((x—7)2 —49)+§

g(x) =—i5(x—7)2 +3

(b) Evaluate f(0) and g(0) and hence interpret the meaning of your answers. [2]
£(0) =—l(0—6)2 +3=16
180 '
9(0)=1.6

Both Mary and Sally threw the shot put from a height of 1.6 m.
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(c) The winner of the competition is the one whose shot put has the further
horizontal distance from the starting line. Explain mathematically who is the
winner of the competition. [3]

As the shot put touches the ground, f(x) =0and g(x) =0

~ L (x-6)+3=0 and — = (x—7)’ +3=0
180 35
X = SX;80+6:14.8 X =~/3x105 +7 =17.2

As Mary threw a distance of 14.8 m and Sally a distance of 17.2 m, Sally is
the winner.
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10
7  The table shows experimental values of two variables x and y.

X 0.5 13 2.1 3.5 4.3 55
y 3.3 2.5 2 15 13 1.1

It is known that x and y are related by the equation y = ib’ where a and b are
X+

constants.

(@ Onthe grid on page 11, plot xy against y and obtain a straight line graph. [2]
y 3.3 2.5 2 1.5 1.3 1.1
Xy 1.65 3.25 4.2 5.25 5.59 6.05

y:ib: Xy =—-by+a whereY =xy and X =y, gradient = —b and
X+

Y -intercept = a

(b) Use your graph to estimate the value of a and of b. [4]
a=8.0-84

b=18t02.2

0
‘e
*e

*e
*e
‘e
‘e
‘e

-2 -1 0 1 2 3 4

(c) Obtain the value of the gradient of the straight line obtained when 1 is plotted
y

against x. [2]
y=L:>l:§+9WhereY =1 and X =x, gradient = 1
X+b 'y a a y a

Gradient is i =0.122
8.2
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12

8 Inthe diagram, AB is a diameter of the circle with centre O. CS and BT are the
tangents to the circle at C and B respectively. ACT and BST are straight lines.

(a) Prove that triangle TCS is an isosceles triangle. [4]

Let ZCAB = x°

.. ZSCB = x° (Angle in alternate segment or Tangent Chord Theorem)
ZACB =90° (Angle in a semi-circle)
- ZTCS =90°—x°
ZTBA=90° (Rad L Tan)
. ZCTS =180°—-90° — x° (Angle sum of Triangle)
=90°—-x°
Since ZCTS = ZTCS, TCS is an isosceles triangle.
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13
(b) Show that AB? = AC x AT . [4]

(1) «CAB = ZTAB(common angle)
(2) £ACB = ZTBA=90°
Therefore, Triangles CAB and BAT are similar. (AA Similarity)

A A
c B
B T
AC

AB =—— (all corr sides are proportional)
AT AB
AB? = AC x AT
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9 Itisgiven that x is a function of t, %zl—eZt and x=2 when t=0.

(a) Express x in terms of t. [3]

x:j (1-e*)at

2t
e
=t—-—+¢
2

Since x=2 when t=0, 2=0—1+c1:>01:E
2

e’ 5
X=t—— =
2 2
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2
It is also given that d’y

dx
: dy
(b) Find the value of — when t=1.

3

2 2(x+5)2
d—y:5x+ ( +) +Cz
dx 2 3

3
2 2(445)
when ¥ —60. x—4, 60 5@, 2(4+5)7 o
dx 2 3
¢, =60-40-18=2

3

dy _ 5x? N 2(x+5)2

+2
dx 2 3
2 2
When t=1 x=1-%+2-7_& _ 0109453
2 22
dy _dy dx
dt  dx  dt

3
2

5(-0.19453)° 2(-0.19453+5)

> 3 +2 x(1—e2)=—58.3

4049/01/S4/Prelim/2023
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16

10 The diagram shows part of the curve y = 2X_48, X>—4.
X+

Ya

C
2x-8

},’:

x+4

o) X

(@) Explain why the curve y =

X+4
dy (x+4)2-(2x-8) 16
dx  (x+4)?  (x+4)’

Sinceg—y # 0, y does not have a stationary point.
X

(b) The curve cuts the x-axis at A. The tangent and the normal to the curve at A

intersect the y-axis at B and C respectively.
(i) Find the equation of the normal AC.

Wheny=0,x=4.
Coordinates of A = (4,0)

Gradient of tangent at A = 2—? %
Gradient of normal at A = -4
Equation of normal AC: y—-0=—4(x-4)

y =—4x+16

Cedar Girls’ Secondary School 4049/01/S4 Prelim/2023
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17
(if) Find the area of triangle ABC. [4]

Equation of tangent AB: y—0= %(x - 4)
1
=—x-1
Y 4
Therefore, coordinates of B = (0,-1)
Area of Triangle ABC = Area of Triangle OAB + Area of Triangle OAC

:%xlx4+%x16x4:348q units

Or Area of Triangle ABC
_W4 0 0 4

1 .
==—[64—-(-4)] =34 sq units
20 16 -1 O‘ 2[ =4l q

Or Area of Triangle ABC = %x (16-+1) x4 =34 sq units

(c) By expressing 2x=8 _ D+ E , explain why the line y =2 does not
X+4 X+4

intersect the curve. [2]

2
X+4 I 2x-8

-)2x+8
-16

2x-8_, 16

X+4  x+4

As X>—-4, —£<o
X+4

Since 2—% < 2, the line y =2 does not intersect the curve.
X+
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18

11 Thecurve y=acosbx+c, where a, b and c are positive integers, is defined for
0<x<m.

The curve has an amplitude of 3 and a period of % radians. The minimum value

ofyis 4.
(a) State the value of a, b and c. [3]
a:3,b:27”:6 and c=4+3=7
3
(b) Sketch the graph of y=acosbx+cfor 0<x< 7. [3]
Ary

=3C0S6X +

A

y

il k] w2 i3 smié m
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19

(c) On the same axes in part (b), sketch the graph of y= _3 x+10 for 0<x<x. [1]
T

Drawing of line

(d) Hence, for 0< x < r, state the number of solutions of the equation
~3x+107 = 7 (acosbx+c). [2]

—§x+10:acosbx+c
T

—3x+107 = z(acosbx+c)
There are 6 solutions.
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12 A particle moves in a straight line and passes a fixed point O. The velocity, v m/s, of
the particle, t seconds after passing O, is given by v =6t + mt +9, where m is a
constant. The particle travels with a deceleration of 9 m/s®> when t=1.

(a) Show that the value of mis —21. [1]

a:ﬂ:ﬂt +m
dt

When a=-9 and t=1,12+m=-9
m=-21

(b) Find the value(s) of t when the particle is at instantaneous rest. [2]

When particle is at instantaneous rest, v =6t —21t+9=0
3(2t-1)(t-3)=0
t=05o0rt=3
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(c) Explain clearly why the total distance travelled by the particle in the interval
from t =0 to t =4 is not obtained by finding the value of the displacement
of the particleat t=4. [2]

The value of the displacement of the particle at t =4 will only give the
distance of the particle from O when t =4. It does not take into account the
distances travelled by the particle when it changes its direction of motion
when t=0.5 or t=3.

Concept of displacement as distance from O.
Changing in direction of motion when t=0.5 or t =3.

(d) Find the total distance travelled by the particle in the interval t=0 to t =4. [3]

s:j@ﬁ—2n+®dt

21t?

=2t° - +9t+c

When t=0, s=0, therefore c=0

s:2ﬁ—2n2+m

When t=0.5, s=2(0.5)° —M+9(0.5) = 2%
When t =3, s=2(3)3—$23)2+9(3)=_13%
When t =4, 5:2(4)3—&24)2+9(4):—4

Total distance travelled = Z%x 2+13%>< 2—-4= 27%: 27.25 m (exact)

t=3 t=4 _t=0  t=05
L » o e 4

End of Paper
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