Paper 1 Solution with Markers’ Comments

1

Since the coefficients of the cubic equation are all real and 2—1 is
a root of the equation, another root would be 2+1.

Method 1
(z—2+41)(z—2-1)=(z—2) ~ (i)’
=z —4z+4+1
=z —4z+5
223 +az? -2z4b=0

(zz -4z + 5)(22 + gj =0 (By inspection)

4b
Comparing coefficients of z: =2 = 5 +10=>b=15

. . ) b
Comparing coefficients of z~: a =g—8 =5

The other roots are z=2+1 and z = —% .

Method 2 (Not recommended)
Since 2—1 is a root to the equation,

2(2-i) +a(2-i) -2(2-i)+b=0
2(8-12i—6+i)+a(4—-4i-1)-2(2-i)+b=0
4-221+3a—-4ai—4+2i+b=0
(Ba+b)—-(20+4a)i=0

Comparing the imaginary part: 20+4a=0=>a=-5
Comparing the real part: 3a+b=0=b=15

Since the coefficients of the cubic equation are all real and 2—1 is
a root of the equation, another root would be 2+1.

(z=2+i)(z-2-1)=(z-2)" - (i)’
=72 —4z+4+1
=272 —4z+5

223522 -2z+415=0

(22—4Z+5)(22+3)=0

The other roots are z=2+1 and z = —% .

bz3—2zz+az+2=O.
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Replace z with —,
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2a

h=2"1_0s

Since m; are the mid-points of the intervals,
m; =125, m, =1.75, my =2.25, m, =2.75.

2b

B=f(ml)x0.5+f(m2)><0.5+f(m3)><0.5+f(m4)><0.5
=0.5x[£(1.25)+£(1.75)+£(2.25)+£(2.75)]
=0.5%[£(1.25)+1(1.25+1x0.5)+f(1.25+2x0.5)+f(1.25+3x0.5)

3
=hy £(1.25+rh)

r=0

a=m;=1.25.

zc y A
y = f(x)
0 1 3 >)C

2d 1

f(x) =—+1

X

| |5 7 (Vs (1.25+.5%))

Plotl Plotz Plot3 X=0 3. PBITSAED
(N7 R | K oo RASRALNING,
\Y2=1 +5,2 (Y1(1+.5X))

o4 | A —— 3.283333333
B\Ys= 3

e [Fevarax
B\Ye= | sssssssnssesssssan 3.098612289.
B\Ys=

B~3.09 (3s.f)
C~328 (3s.f)

3

Actual area of 4 = l+1dx
1 X

~3.10 (3s.f)

e The value of B is closer to the actual area of 4
o Comparing Figures 1 & 2, the gaps between the curve and
the top of Irene’s rectangles are larger than those of
Yvonne’s. (or other equivalent explanations)
Thus Yvonne’s estimation of the actual area of 4 is better.




3(a)

v

3(b)

Method 1
‘x(x—S ‘
x(x—S)
(x—S)(xi\/E =0
x=35, \/E or —\/5
Method 2
‘x(x—S)‘:\/E|x—5|

X (x=5)" =2(x=5)
(x=5)*(x*-2)=0

x-5=0 or x*=2

x=5,\/50r—\/§

Thus at point 4, x = 2
and at point B, x = J2
From the graph, for ‘x(x—S)‘ > \/§|x—5

x<—\/§ or \/§<x<5 or x>5

Otherwise method:
Solving inequality algebraically,

5




v (x=5)[>V2]x -5

2 (x=5)" >2(x-5)
(x=5)*(x*=2)>0
(x—S)Z(x—\/E)(x+\/§)>0

+ -  +  +

V2 s

x<—\/§ or \/§<x<5 or x>5

(@)

vy
X

v

Il

|

X
X

BN

z\:
UQ
AN
I
o

*4q

m
UQ
IQ
Il
o

/—\

=0,
g) =0 e )

or (1=p)/lg= (r=P)=kq, ke R\{0} --(2)

Combining (1) & (2),
= r=p+kq, keR

Since

-px
~p)xq

97
Either (L’ -

The set of all possible positions of the point R form the line (OR
R is any point on the line) passing through P and parallel to the
vector ¢ .

(b)

VIl =2 %
Z) \4 3 q;
9X+q,Y + G2 = ¢, =29, +34;
The set of all possible positions of the point R form the plane

(OR R is any point on the plane) that contains the point P(1, -2,
3) with a normal vector q (or perpendicular to q)
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(© q-(p —c)‘ is the shortest distance from point C to the plane in

(b).
OR

It is the length of projection of CP onto q.

3(a) 12 1 r(r+l) 2(r+1) 1

) A e (rr )l (el (1)
=r2+r—2r—2+1
(r+1)!

_rz—r—l

(r+1)!
f(r) =r?—r-1 [Optional|




(b)

1 1 2
=4t
2 N! N! (N+1)!
1 1 1
=———+
2 N! (N+1)!
R
2 (N+1)!
© As N > o, —L+ ! — 0, hence Sy —>l ,
NI (N+1)! 2
which is a finite value. Therefore S, converges.
OR
N 1 o
As N > o, — 0 , hence Sy - — , whichisa
(N+1)! 2
finite value. Therefore Sy converges.
5,21
2
d
@ g 1
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1 1

— = {10
1S-=Svl=13 (N 0
N )
OR |S, - 8,|=|———<1
S22 =S (Aﬁ+n!< 0

Using GC, smallest N=11

NORMAL FLOAT AUTO re~(8i) RADIAN MP 1
PRESS + FOR aTb1

-

Ploti Plotz Plot3 6 iéﬁ 1E-?
X

'\Yial(xu)sl ? ?}5 1E-7
\Y28107 8 2.26°5 | 1E-7
N =l
:\Y‘f 23678 | 1E-2
\Ys= 12 1.96-9 | 1E-7
INYe= 13 1E-10 | 1E-7
NY?=
E\Ys= X=11

6 | Method 1

(a) a a a

' e @ e
1+e““=elz(elz+e 2)

-iZ a .. «a a) .. a
=e¢ 2|cos—+isin—+cos| —— |+isin| ——
[ 2 2 ( 2) ( 2]}

.a
—i=

5 a .. «a a .. «a
=e *|cos—+isin—+Ccos——1sin—
2 2 2 2

a
—i=

=2cosge
2

Method 2

1+e7* =14 cos(—a)+isin ()

=1+cosa—isina

=1+| 2cos? Z 1 |- 2isin L cos &
2 2 2
a a .. «a
=2c0oSs—| cos——1sin—
2( 2 2)

o a) .. a
=2cos—| cos| —— |+1sin| ——
2( ( 2) ( 2D

a
—i=

=200$ge
2




(b) (1+e"i‘”)3 —(1+ei"‘)3

:[zcosgeizj_[m(_g)ei(ilj

3a 3a

—i -

a -i=~ a
=8cos’—e 2 —8cos’—e¢ 2
2 2

af 2o e
=8c0s33 e 2 —-e?

2
a 3a ..(30{ 3a ..(30{
cos| — |—1isin| — |—cos| — |—1isin| —
2 ( ZJ 2 2 2

= —16icos’(Z)sin (3—“]
2 2

(©)

Given that 0<a<§7r ,
0<ﬁ<£ :>c052>0
3 2

0<§a<7r :>sin3a>0
2 2

z=—16icos [gj sin [3—0!]
2 2
T
=16cos> (gj sin (3—(2)6 "
2 2




(@

f(x) :]n(l+sin2x)+2
Method 1
£'(x)= 2c0s2x

 1+sin2x
(1+sin2x)f"(x)=2cos2x
(1+sin2x)f"(x)+(2cos2x)f'(x)=—4sin2x — (%)
f’(0)= 2c9s0 2,
1+sin0
(1+sin0)f"(0)+(2cos0)(2)=—-4sin0
£7(0)=—4

f(O) :]n(1+sin0)+2:2
f(x) =242x=2x*+...
Method 2

f'(x) _ 2cos2x
1+sin2x

1+sin 2x)(—4sin 2x)—(2 cos 2x)(2 cos 2x)
(1+sin 2x)2
_ —4sin2x —4sin’ 2x —4cos’ 2x
- (1+sin 2x)2
_ —4(1+sin2x)
- (1+sin 2x)2
-4
(1+sin2x)
, 2cos0
(0) - 1+sin0
"(0)=—4
f(0)=In(1+sin0)+2=2
sof(x)=2+42x-2x" 4.

f”(x):(

—

=2,

—
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Method 3
y=In(1+sin2x)+2
e’ =1+sin2x

ey_zii—di:2cos2x

2 2

ey_zd—;}+ey_2(g] =—4sin2x
dx dx

¢ L2 = 1(0)-2

2
PSRN £7(0)=—4

f(O):]n(1+sin0)+2:2
f(x)=2+2x—2x2 +...

—_—

(b) - 1

cos2x+sinx (2x)
2

= [1+(x—2x2 )]_1

:1—(x—2x2)+#(x—2x2)2 +...

=l—x+2x*+x*+...

+X

=1—x+3x>+...

8(a) | tané¥
= tan(£BAD - ZBAC)
_ tan /BAD —tan Z/BAC
1+(tanABAD)(tanZBAC)
a+3_g
__ X X
a+3 a
1+ —
X X
3
= X 3 Xx—z
+
H_a(a2 ) X
X
B 3x
X’ +3a+a’

11




(b)

3x
Lety=tan 0 =————
cLy=tan x*+3a+a’
dy (x2 +3a+a2)3—3x(2x)
dx (x2+3a+az)2

B —3x*+3a*> +9a

B (x2 +3a+c12)2

At stationary value of tan 6,
&,

dx

—3x”+3a” +9a B

(x2 +3a+a’ )2
-3x*+3a*+9a=0

3x* =9a+3a’

x=,Ja(3+a) (reject —,/a(3+a) asx>0)
3Ja(3+a)

(c)

tanf = >
a3+a)+3a+a
3JaB+a)
"~ aB+a)+a(3+a)
_ 3{aB+a) 3
T 2aa+3)  2Jaa+3)
tan LZADB = al
a+3
1/a(a+3)
T a+3
a
tanLADBz\/Z=

. . 3
Since a is much greater than 3, then — =0
a

tan LZADB =~ 1. Thus ZADB ~45°.
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9 X =acos2t, y=2acost
(@)
dx =—2asin2t, Y =-2asint
t dr
dy _ sint
dx sin2t
_ sint
2sintcost
1
2cost
AtP, t=p.
Gradient of normal at P =—-2cos p
Equation of normal at P is
y—2acos p=-2cos p(x—acos2p)
y——2cosp[x a 2cos p— 1)}+2acosp
y= —2cosp(x+a 2acos p)+2acosp
y= —2cosp(x 2acos p)
9 AtR, y=0
(b)

—Zcosp(x—Zacos2 p) =0

x =2acos’ p
When C meets the x-axis, y=0 = 2acost=0

p/a
==
2
X=acosrzw
=—a
Required area
acos2p
1 2
:j ydx+§[2acos p—acosZp}(2acosp)
—-a

z
2

P
=J. 2acost(—2asin2t) dt +(a2 cosp) [20052 p—(ZCOS2 P

T

= 4azj 2 cost(sin2¢) dr + a*cos p (Shown)
P
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Diagram is not
required. For
reference only.

~

£os 2 p, 2acos p)

@ gcos2p 24 2 p

(©)

Method 1: (Using double angle formula for sin2t)
Area

4

2 ) T
=4a2j cost(2sinzcost) dt + a’ cos?

T

T
2 1
jz s1nt coszt) dr + Eaz

14




Method 2: (Using factor formula for cosz sin2¢

SIE
N | —

(sin37+sint) dr + a’

=4a2j
i

3

=24’ {—%cos 3t —cos t}

Wiy NN
—
[N

=24’ [0+lcos7r+cos£}+la2
3 3 2

T
coOs—
3

10 85% of 450000 = 382 500

(@)
The amount owed at the end of July 2022 is
(1+0.002) x(382500 — x)
=1.002(382500 — x)

(b)

No. Amount of money owed after | At the end of the month after adding
of each repayment (beginning interest
repay- | of month)
ment
1 a—x , where a = 382500, 1.002(a—x)
2 1.002(a—x)—x 1.002(1.002a —1.002x — x)
=1.002a-1.002x —x
3 1.002(1.0022-1.002x - x) | 1.002(1.002°a —1.002*x—1.002x - x)
—x
=1.002*a-1.002>x—1.002x
-X
n 1.002""'a—1.002""x
-1.002" *x—...—x

15




Amount of money owed after the n™ repayment at the beginning of the month

=1.002""'a—1.002""'x—1.002" *x—..— x - (%)
=1.002""a - x(1+1.002+1.002 +...+1.002"* +1.002"")
1002 g x| 109271
1.002—1
=1.002""(382500) — x 1.002° -1
0.002

=1.002""'(382500) — 500x(1.002" —1) (Shown)

(©)

When x = 2000,
1.002"7'(382500) — 500(2000)(1.002" —1) < 0
From GC, n >240.66

He will pay off his loan on the 241 repayments, that is, 20 years 1 month.
So the earliest date is 1 July 2042 after he makes the 241th repayments.

At the end of 240th month after interest is added, amount owed is
1.002 x (1.0022% ~1.002%°x —1.002%* x —...—x)
1.002%* x 382500 — 2000[1.0022“0 +1.002%° +... +1.002]

1.002%4° —1]

=1.002**" x382500 — 2000 x1.002
1.002 -1

=1321.71 (2 d.p.)
The amount of repayment on 1 July 2042 is $1321.71

(d)

From 1 July 2022 to 1 Jan 2050, he would have made 27x 12 + 7 =331
repayments.

1,002 (382500) — 500x(1.002°*' 1) = 0

331-1
re 1.002°°7(382500) ~1577.94

500(1.002%"' —1)

11(a)

N K (N-120), k>0
dr

16




11(b)

1 dN = | kdt
N-120

In|N -120|=kt +C
N =120 = ++C
N =120+ Ae® where A4 = +e€

When =0, N=600 = 4=600-120
— 480
dN
When N'=750, —-=63 = 63=k(750-120)

=L
10

1 1
— —
Thus N =120+480e!0 or 120{1+4610 ]

11(c)

Method 1

When ¢ =15, N =120+480¢'> = 2271.21< 2500

The target will not be met in 15 years.

Method 2
1

—t
When N =2500, 120+480e!0 =2500

t=16.01>15
The target will not be met in 15 years.

11(d)

dh _1 (24_111)
de 2 3

When / is maximum,
dh_1 (24_1;,] ~0
de 2 3
h=24x3="72
The maximum height of the plant is 72 cm.

17




11(e)

1 Y2 1
(24——h} dh= | —=dt
3 2

1 1/2
(24—3/1] 1
N2/ _44C
B)5)
23

L (24—1;1}

2 3

When £ =0, h=0, C =624 =—-12/6

t =246 -12 (24—%;1)

When h =24, 1 =24y/6 —12,/(24 - 8)
=10.8 (3s.f.)
It takes 10.8 years to reach a height of 24 cm.
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