2022 TJC Preliminary Examination H2 Mathematics Paper 1 [Suggested Solutions]

Question 1 [Solution]
@) jsirr1 2x dx = j 1.sin™' 2x dx

= xsin' 2x—

2
j x.—*1 o dx

=xsin™ 2x+ij(—8x)(1—4x2); dx

1

J— 2 2

=xsin™' 2x+l.w
2

=xsin™' 2x+%\/1—4x2 +c
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ii dx = dx
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X——n| ——n"+n
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1
:J' . dx
[r=3n) 3
X——n| +-n
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— tan™' X_En +c or i‘[a 1(2x—nj+c
3n ﬁn J3n 3n
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Question 2 [Solution]
i 30+ -G+i(l+i)=k

3(1+42i-1)—(5+5i+i-1)=k
k=-4

(i1) Using sum of roots : 1+i+ S = E

5+1 .2 2.
SpE—l-1==——=1
P 3 3 3

2 2.
Thus the other rootis z=———1




Question 3 [Solution]

(0)

T -
a
At the intersection points, |x+ a| = |ax + 1|
x+a=ax+1 or x+a=—(ax+1)
x=1 or x=-1
From the graph, the solution is -1 <x <1
. : 1 1
(ii) Replacing x by—, -1<—<1
X X
From the graph of y = l,
x
VA
““““ \\ -
- i > X
_____ L - y= ]
The solution is x <—1 or x>1
Question 4 [Solution]
() Iny=1+tan™'(2x)

Differentiating w.r.t. x,
ldy_ 2 2
ydx 1+Q2x) 1+4x°

dy

=  (+4x?)==2
& y
Differentiating w.r.t. x,

2
(1+4x2)d—f+8xd—y= i
& dx d

2
(1+4x2)jx—)2}+(8x—2)%=0 (shown)




(ii) | Differentiating w.r.t. x,
3 2 2
(1+4x) 8 142 (824X s
3 2 2
dx dx dx dx
. d’y d’y _dy
e (1+4x*)—=+(16x-2)—=+8—==0
e g dx’ g dx? dx

When x=0, Iny=Il+tan'(0)=1 = y=e

1+0¥ =2 = Yo
dx dx
2 2
(14052 -2020)=0 = L —se
3 2
(1+0)%+(0—2)(4e)+8(2e)=0 R jx_{z_ge
x X’
Maclaurin series is y = e+ 2ex + 4e(aj —8e (gj +

. 4
ie, y=e+2ex+2ex’ —gex3 +...

(iii) Iny=1+tan"'(2x)

_ e1+tan"(2x) _

tan’1(2x) — Z
(¥

-
e etan (2x) = e

tan~! (2x)

) . 4
Thus Maclaurin series is € =142x+2x" ——x" +...

Question 5 [Solution]

(i) LinedB: r=a+A(b—a), 1R
Line OC: r=u(9a—6b), pueR
At the intersection point,
a+ A(b—a)=u(9a— 6b)
(1-2-9wa=(-6u—-1)b
Since a and b are non-zero and non-parallel,
1-A-9u=0 ---(1)
—6u—-1=0 ---(2)

Solving (1) and (2), u= %, A==-2

.. . : . 1
Position vector of the intersection point is r = 3 (9a—6b)=3a—-2b

1 4 (-3t+4
i) d=¢|1|+(1-1) -2|=| 32
0 6) (-61+6




1) (-3t+4

1) 362
cos60’ = 24 _ 0)\-61+6
lalld] VP JBr—4) + (3r—2) + (61— 6)
1 2

2 2547 —1081+56
V2547 —108¢+56 =4
541> ~108¢ +56 = 8

5412 ~1087+48 =0

9 —18t+8=0
(3t-2)(3r-4)=0

2 4
t=— or t=—
3 3

Question 6 [Solution]

H For r>1,
11 _1+(2r-1)S, 1

Sr+1 Sr Sr Sr
:Sir+(zr_1)__r
=2r—1

(i) ”1( 1 IJ n-1
-——|= 2r—1
r=1 Sr+1 Sr ;( )
< n—1

RHS =Y (2r—1)=—(1+2(n-1)-1)

2




Equating, SL_l =(n —1)2

L_(n_1)2+1 = Sn=;2 for n>2
S, n—l) +1

(iii)

As n—> o, (n—-1)>+1— oo,
n:;z_)o
(n—=1)"+1

Thus the sequence converges to 0.

(iv)

1 1
For n>2, u, =S -S ,=

(n=1)+1 (n-2)"+1

Method 1

Since (n—1)"+1>(n-2)"+1 for n>2,
1 1
2 < 2
(n—l) +1 (n—2) +1
D
(n=1)+1 (n-2)"+1
re.forn>2, u, <0

n

<0

Method 2
1 1
Ty +1 (n-2) +1
(7 —4n+4+1)=(n’ —2n+1+1)
) ((n=1) +1)((n=2)"+1)
_ 3-2n

((n=1) +1)((n=2)"+1)

n

Forn>2, 3-2n<0and((n-1)" +1)((n-2)"+1)>0
Sou, <0




Question 7 [Solution]
(i)
! 7.3
(-3.1) )
6 >
(ii) Smallest value of k=2
Let y=+4x—x* for 2<x<4
Y =4- (x - 2)2
(x—=2)" =4-»’
x=2%.4-y"
Since x>2, x=2+4-)"
f'(x)=2+v4-x", 0<x<2
(iii) Rg = (39 5)’ Dr= [23 6]
Since Rg = Dy, fg exists.
VA
y=£f(x)
2 I
: IR 2N (AVED
D7 i 5.1}
2 0 2 4 6 X
D, =(’,¢')—>(3, 5)—>[0.43)=R,,
Question 8 [Solution]
(a) :
Cr: x° zaz(l—yz):(zJ +y =1
a
x 2
(x+1) +y' =1 L5 ¥ +)7* =1 5 (—j +y’ =1
a
1. Translation of 1 unit in the positive direction of the x-axis.
2. Scaling parallel to the x-axis by factor a.
(b)(i)




(i) %
Ca: (—j +y* =1 is an ellipse with centre (0,0) .
a

For Ci and C: to intersect exactly twice, a=2.

(iii)
(iv) Exact area
j 1—— dx
x=2cosd
4cos’ @ dx .
_ —=-2sind
I 1 2 sin 0 10

=2(1)—|+/sin’* @ (-2sinH)do

R[N C—— o Yy

+2jsin29d9




Question 9 [Solution]

(a) | Team A
Day Depth drilled (m)
1 190
2 190(Lj
100
S
| el
100
r n-1
n 190(—j
100

GP: first term = 190 and common ratio = ﬁ
Since 0 <r <100, 0< I , sum to infinity S exists.

If team A never reaches the oil deposit,

190 <8000
P

-
100

190 r

—  <]——

8000 100
r 781
_<_
100 800

S =

0

0<r<7?81 (or 0<r<97.625)

(b) | Team A
GP: first term =190 and common ratio = 0.99

Consider S, , = % =8000

80

1-0.99" =—
190

n= ﬁ =54.38
In0.99

Team A will reach the oil deposit on Day 55.

Alternatively, S, , = % <8000

From GC,
Day Depth drilled (m)
54 7957.8
55 8068.3

Team A will reach the oil deposit on Day 55.




(¢) |TeamB
AP: first term = 180 and common difference = -1
Depth drilled on day » for Team B, b, =180+ (n—1)(-1) =181—n

Depth drilled on day n for Team A, a, =190(0.99"™")

a,<b,
190(0.99"")-181+n<0
From GC,

n a,—b,

13 0.413>0

14 -0.271 <0

Thus the first day is Day 14.

(d) | Team B
AP: first term = 180 and common difference = —1

Consider S, , = g(z(l 80)+(n—1)(~1)) 28000

n(361—n)>16000
n* —=361n+16000<0

Using GC,
n n® —361n+16000
51 190> 0
52 —68<0

Team B will reach the oil deposit on Day 52.

Thus team B will reach the oil deposit first.

Question 10 [Solution]

( a) v a b

(16+v)(9—v)  (16+v)  (9—v)
v=a(9—v)+b(l6+v)
Subst v=9, b=i

25

Substv=-16, a = —E
25

Y 16 1 9 1

T6v)(9—v)  25(16+v) " 25 (9—v)

dv (16+v)(9—v)
M)A | g T 3200




v 1
dv= 1d
I(16”)(9—\/) ’ 320I !
6 19 . |
257 (16+v) | (0—v) P30 T e @

~16In[16+| —91n|9—v|=ét+c

When £=0,v=0, c=-161n16-91n9 or —In(9”)(16')
~161n[16+v| —91n|9—v|:%t—161n16—91n9

=

16+v

9
9—vy

+16In

t:ﬁ(mn

5

64 916"
5 \[o-v[ |16+

Her theoretical maximum speed occurs when @ =0
t

(16+v)(9-v) 0

320v
v=9 or v=-16 (rejected "o v>0)

(i)

Her theoretical maximum speed is 9 m s~'.

When v=4.5,

=54 o2 |+ 16110 )= 201
5 5| 116+4.5|

The time taken is 29.1 seconds.

(iii) dx |9t

yV=—=
dt 10

3
When x=10, 10=—=—7* = 1=6.30
J10

The time taken is approximately 6.30 seconds




Question 11 [Solution]

(@i) 3P =2x-1
dy
6y—=2
Vi
&_1
dx 3y
2
Atd, y=p= 3p’=2x-1 > x:3p +
Equation of tangent at A:
1 3p°+1
3p 2
6py=2x—(3pz+1)+6p2
6py=2x+3p°—1 (shown)
ii 2_
@ AtB,x=0, 6py=3p° -1 :>y=3p !
6p
Coordinates of C'is (0, p)
Area of AABC =%xAC><BC -+ right angled at C
2 2 6p
2 _q.2
:1(3 2+1)(6p 3p +1J
4
1 2
=——(3p>+1
22,37 )
1
=—(9p*+6p* +1
24p( P P )
) 1
=—|9p +6p+— (shown)
4
iii
(i) Let E=—[9p3+6p+—j
Let @:—[27;9%6—%]:0
dp

27p2+6—L2=0

p
27p*+6p° -1=0
(9p2—1)(3p2+1)=0
9p°> =1 since3p* +120

1 .
ng since p >0




2
dlj:L 54p+% >0 sincep >0
dp® 24 p

Thus E is minimum when p = 3

Alternative: Using first derivative test

)% 0.3 1 0.35
3
dE -0.112 <0 0 0.0477>0
dp
Shape of
graph \ — /

Minimum value of £
3
:L 9 l +6 l +L
24| °\3 3 1)
3

2,
=— units
9

(iv)

3p2+1 2

2 3
3p7+1 2

6p 3
Thus A4ABC is a right-angled isosceles triangle.

When p=§, AC =

and BC=




