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On the same axes, sketch the graphs of ¥ = 2+e” and ¥ :‘In(x—l)‘. Label clearly the

equations of any asymptotes and any points of intersection with the axes.

Hence solve the inequality 2+e” s‘ln(x—l)‘_

(i)  Show, by means of the substitution W= Xzy, that the differential equation

dy 5
2y +X—=——
y dax  x*
can be reduced to the form
w__>
dx X3
=1t
(ii) Hence, giventhat ¥ = 3 when 2, solve the differential equation
dy 5
2y +X—=——
y dx  x*

to find y in terms of x.

The functions f and g are defined by

f:x'_)x+1’ xeR, x=-1

g:X Pax+b  xeRandx>0,

where a and b are positive constants.
(i) Explain clearly why the composite function f9 exists.

(i)  Find an expression for fg (x) and the range of fg.

[4]

[2]

[3]

[4]

[2]

[2]

(iii) Describe a sequence of transformations which transforms the graph of ¥ = (X) on

to the graph of ¥ = fg(x).

[2]
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A curve has equation Vx \/y Va , Where a is a positive constant.

(i)  State the range of values of x and y for the curve to be defined. [1]
dy
(i) Find dx interms of x and y. [2]

(ili) Find the equation of the normal to the curve at the point where X =9a leaving your

answer in the form of PY +UX=Ta where p, g and r are integers to be determined.

[5]
Do not use a calculator in answering this question.
| al T (%) is given by % -1
The cubic polynomial is given by X" —1.

(i)  The roots to the equation f(X)=0 are denoted by X X, and x, respectively, \ypere

—r <arg(x)<arg(x,) <arg(%;) <7 ging exactly %o X, and x;. 3]

(i) Show % % @dX; on g single Argand diagram. The points A, B and C represent

X;, X, and X, respectively. ginq the exact area of triangle ABC. [3]

(ili) Show that X =% [2]

With respect to the origin O, the points A and B have position vectors a and b respectively,
where a and b are non-zero and not parallel.

(1) Itis given that B lies on the line segment AC, such that BC =3b—ka, where k is a

constant. State, with a reason, the value of k. Hence find ocC in terms of a and b.

[3]

The point N divides the line OC in the ratio 1-4: 1,



(i) Given that OA is perpendicular to OB , Show that BN-OC can be written as

2 2
pla +alb] ,where P and 9 are constants to be found in terms of 4. [4]
BN.OC =0 ang PI= 31"
(i) Given that BN.OC =0 anqg 3", find the value of 4. [2]
® _tan"l2x
6—2 dx
(@) Find J 1+4x° [2]
(secx+3tan x)2 dx
(b) Find J . [4]
* 2
x2+x+1 dx
(c) Find J X’ —x+1 [5]
n r :ln(n+1)(2n+1)
Itis given that r=1 :
k

A sequence Yor Ui Uzr- s defined by Yo =X | where k is a constant, and

2 n
U,, =u,—3n"+2 for n>0_

(i)  Find Y U2 @A U3 jn terms of k. 2]
(ur+1 —U,
(i) By considering r= , or otherwise, show that
u, = k—in(n—l)(Zn -1)-1+2"
2 . [5]
(iii) Given that k =3, find the minimum value of n such that Us > 3000 2]

The curve C is defined by the parametric equations

X= 0 sing
T o . y=1-coso
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0<f<—
where 2 .
(1)  Sketch C, indicating clearly the exact coordinates of the endpoints. [2]
dy

(i)  Find dx . Hence find the coordinates of the point on C such that the tangent to C at

this point is parallel to the line 2y—-x=4 leaving your answer to 3 decimal places.

[5]

(iii) Find the exact area of the region bounded by C, the x-axis and the line T4 :
[4]
One of the benefits of a water filled dumbbell is that it can be brought anywhere and can be
used anytime for physical workouts by just filling it with water.

A particular model of a water filled dumbbell is made up of five parts and they are all
cylindrical in shape.

e The top and bottom caps have radius r cm and height 2 cm.
e The top and bottom weights have radius 3r cm and height y cm.
e The grip handle has radius r cm and height 9 cm.

The five parts are joined together as shown in the diagram below. The dumbbell is made
with plastic material of negligible thickness.

FCcm
o B S
--------- 3rcm =
ycm L top weight
_____ -==3 4 =
9 cm __grip handle
::""_'_: v —
—bottom weight

Ty T

} bottom cap
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It is known that the external surface area of the dumbbell, A cm? is 34xr? + 2671 +1271y

(i)  Given that the volume of the dumbbell is a fixed value K cm’® | show that

A=34zr? +@+2—k
3 3r, 3]

(i)  The manufacturer wants to minimise the external surface area of the dumbbell. Using

differentiation, show that r satisfies the equation 1027z1° + 26zr> —k =0

[2]

It is now known that the volume of the dumbbell is 1500 cm?.

(iif)  Find the minimum external surface area of the dumbbell, proving that it is a minimum.

[3]
Assume that =2 and Y =7 for the rest of the question.

(iv) Water is poured into the empty dumbbell through the top cap at a rate of 15 cm® s,
State, with justification, which part of the dumbbell would the water level be at after
1 minute. [2]

(v) Hence find the exact rate at which the depth of the water is increasing after 1 minute.

[2]

Mrs Tay decides to open some savings accounts for her child.

(@) Ina Child Development Account (CDA), the government will co-match dollar-for-
dollar for each dollar that she deposits in the CDA. If $x is deposited at the start of a
month, the government will deposit $x into the CDA too.

Assume that the government co-matches the amount immediately once it is deposited.
The interest rate is 1.2% per month, so that at the end of each month, the total amount

of money in the CDA is increased by 1.2%.

Mrs Tay opens a CDA for her child and deposits $100 on the first day of each month,
starting from 1 January 2022.

(1)  Write down how much money is in the CDA at the end of January 2022.  [1]
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(b)

(i)  Find the minimum number of months needed for the account to have a total
amount of at least $6000. State the month and year during which this occurs.

[5]

Instead, suppose Mrs Tay deposits $3000 on 1 January 2022. The government co-
matches that amount and there is no further co-matching provided by the government
thereafter.

(iii)  Find the minimum amount of money that she needs to deposit at the start of
each month from 1 February 2022 onwards if she wishes to have at least
$10 000 in the CDA by 31 December 2022. [3]

In another savings account, there is no co-matching provided by the government. At
the end of each month, the account earns a fixed interest based on the total amount of
money deposited into the account. For each $200 in the total amount of money
deposited in the account, an interest of $x is added into the account at the end of the
month. The accumulated interests do not earn any further interest.

Mrs Tay deposits $200 at the start of every month in this savings account. Find, in
terms of x, the total amount of money in the savings account at the end of 2 years.

[4]



End of Paper



