2022 J2 H2 Mathematics Preliminary Examination P1 (Worked Solutions)

Qn Solution Notes
1 | a+b+c+d=-19-———-()
a(-1)°+b(-1D?+c(-1)+d =13
—a+b-c+d=13-—-—(2)

f'(x) =3ax® + 2bx +c¢
0=3a()+2b(-1)+c
3a-2b+c=0---—-(3)

0
J:lax3 +bx*+cx+d dx=9.5

4 3 2 0
{ai+bi+ci+dx} =95
-1

4 3 2
O—(la—lb+lc—dj:9.5

4 3 2
—£a+lb—1c+d=9.5————(4)
4 3 2
Using GC,

a=2, b=-6 ¢c=-18, d=3
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Solution Notes

Qn

2(i) 3x* +9x+10 S x4t
X+2

3x* +9x+10— (2x+6)(x+2) >0
X+2

3x* +9x+10—(2x* +10x +12) >0
X+2

2
X _X_ZZO
X+ 2

(x-2)(x+1) _ ¢+
X+2

—2<X<-lor x=>2

ii 2
(ii) £ = ax® +3ax+10
X+ 2

(x+2)(2ax+3a)—(ax* +3ax+10)
(x+2)2
ax® +4ax+6a—10
B (x+2)2

f1(x) =

ax’ +4ax+6a-10
> >0
(x+2)
Since (x+2)2 >0 for all real values of x, X # -2
We need ax® +4ax +6a—10>0 for all real values of x, x # -2

a>0& Discriminant < 0
(4a)’ —4a(6a—-10) <0

16a% —24a* +40a <0
8a®-40a>0 +\ - / >
(2)(a-5)>0 N °
a<0 or a>5h

(N.A. since a > 0)
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Qn Solution Notes
3(i) | Asymptotes:y=0, x=0, x=6a
ﬂz—(xz—6ax)72(2x—6a)=—L6az=O
dx (x* —6ax)
2x—6a=0
Xx=3a
yo_ L
9a’
y
A
720 > X
x=0
(i) 1 1
Y= = 2 2
X“—6ax (x—3a)°—9a
y = 1 ve 1
(x—3a)? —9a? Y= o
Replace x by x+3a
Translation of y=— 16 by 3a units in the negative x-direction
X* —6ax
1
toget y= .
ety x* —9a?




2022 J2 H2 Mathematics Preliminary Examination P1 (Worked Solutions)

Alternatively,

_ 1 _ 1
y= X2 —Bax x(x—6a)

y= 1 B 1
x?—9a®> (x+3a)(x—3a)

1 B 1
= x(x—6a) —Ys (X +3a)(x —3a)

Replace x by x+3a

Translation of y=— 16 by 3a units in the negative x-direction
X" —obax

1
x> —9a% "

toget y=
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oQn Solutions Notes
4(i) 1 __A , B _A{r+3)+B(2r+)
(2r+1)(2r+3) 2r+1 2r+3  (2r+1)(2r+3)
Subsrz—E =—l
2 2
r:_l A:l
2 2
1 1
1 __ 2 2
(2r+1)(2r+3) (2r+1) (2r+3)
( r+1 2r+3)
_1
2 2r+1 2r+3)
g [P
r:1(2r+1)(2r+3 - 2r+l 2r+3
O
3 5
1 1
+ —
5 7
1 1
+ — —
9
_1
2
1 1
+ —
2n—1 +1
Lt /ﬁl/
| 241 2n+3
_L }
2|3 2n+3
AT
6 2\2n+3
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(i) 1 N 1 N 1 . 1 .\ 1 .
(3)E) G)(7) (7)) (9)ar) @nEs) -
N 1

& (2r+1)(2r+3)
As n — o,
2n+3
N 1 1.
;(2r+1)(2r+3) —>g (finite number)
Hence the series converges.
S, =1
6
(iv) 1 1 1 1
(10)14) " (14)(18) " (18)(22) " (22)(26)
I D S T SR |
AL (M) @y anes)”
_1s 1
_Z§(2r+l)(2r+3)
=%[Sw_81]
S
_4{6 (3)(5)}
1
40
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20d—0:1
dx

when 9:\/2 x==.
FEIE

when 0=z x=x

Qn Solution Notes
5(a) J'3sin XCc0s3x dx = I3c053xsin X dx

3¢, . .

=§J'(sm4x—sm 2x) dx

:—§cos4x+20052x+c
B) | 9=vx = 0*=x

'[J; 6°sin(6) do

\/%
2](

20 02 sm 92)d9

g2

sin x

=1J‘ Xsin x dx
2J)=
—E_—xcosx”— " (=cos x) dx du
g LS T L P
L 7z+i+[sinx]”j
27 42 1
_1 +L_ij
207 a2 2
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Qn Solution Notes
6() | u=xy

du dy

— =X—+Y

dx dx

Substituting into X%Jr y—2(xy)2 =0

W ogpog = Wy

dx dx

(i) du

1 . ]
= ——=2x+c¢ , where c is an arbitrary constant
u

y:

1
X(2x+¢)

(i) Whenle,y:% ,c=-4

1 _ 1
x(2x—4)  2x(x-2)

y:

(iv) | Curve has no stationary point when ¢ =0

. 1
e y=——
Y 2x°
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Qn Solution Notes

1) | 2x3+y® —3xy =k

Differentiate w.r.t. X,

6x° +3y° d—y—3xﬂ—3y =0
dx dx

dy 3y-6x> y-2x°

dx 3y*-3x y*-x

(i) | When tangent is parallel to the y-axis,
y?—x=0

Sub x =y? into 2x3+y® -3xy =k

2(y?)° +y* -3(y*)y =k
2y* -2y’ —k=0 iea=2b=-2

(iii) | line x =1 is a tangent to the curve C
y?=1

y=+1

When y =1,

2-2-k=0

k=0

When y=-1,

2+2-k=0

k=4
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Qn Solution Notes
8 InV1-x 1
= 2+X)==In(1-x
y 2+ X RERICRY 2 ( )
Differentiate w.r.t. x
y+(2+x)d—y=— 1
dx 2(1-x)
dy 1
2y+2(2+Xx)—+——=0
y+2( )OIX .
(i) | Differentiate w.r.t. x
2dy+2dy+2(2+x) > ! 5=
dx  dx dx (1—x)
2
dy+2(2+x) ! =
dx dx? (1—x)
Differentiate w.r.t. x
2 2
d—ﬁ’ d)2/+2(2+x) 7+ 2 —=
dx dx dx> (1-x)
when x =0, f(0)=0, f'(0) = —%, f1(0)=0, f(0)= -+
By Maclaurin’s series,
1 X2 1) %°
=0+ — | X+(0)=+| ——= | =+
y ( 4) ()2! ( 2)3!
~ iyl
4 12
(ii) Ji- -
_In X:EI A x)- ( xj
2+ X 2
-1
=3|n(1—x)-1(1+5J
2 2 2
1 x> X x> x
=—| X——-——+... | l-——F+———+
4 2 3
2 3 X2 X3 X3
== X+————-— +———+
IV
4 12

10
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Qn Solution

(iii) | When x = -1,
LHS = In2 = %Inz

RHS = — 11— (1 =L =0.333333
4 12 3

- In 2 =2(0.333333) ~ 0.6667 (4 d.p.)

Qn Solutions Notes
9(a)(i) X—2
y=—72
X+2
Making x the subject,
= 2+2y
1-y

ffl(x) _ 21+2X, X;tl

@ | (o))~ (a00)
=f(-x*)
_—x*=2
X242

Method 1:

Let (fg)_1 B)=p

~(fg)(p)=3
-p*-2 _
—p?+2
—p°-2=-3p*+6

3

p*=4
p==x2
Rejectp =2
Hence (fg)fl(S) =2
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Method 2:
—x?>-2
Lety =
y —X*+2
—YX2 42y =—X> -2
X' (1-y)=-2(y+1)
B 2(y+1)
y-1
X = /M reject /M since X < —/2
y-1 y-1
) 2(x+1)
fo) 1(x) =—
(fg) "(x) 1
(f9) ') =-2
X2 -2
Lety =
y —X?+2

X (1-y)=-2(y+1)
o 2(y+1)

y-1
X== /2(y+1)' reject /M since X < —2
y-1 y-1
(fo) () = - [ 2D
y-1

(fo)*(3) =2

(b)(¥)

h(—4) = —4(-4)-12=4
h(12) = h(6) = h(0) =0

(i)

(2447 (4,-4)

The liney =0 cuts y =h(x) at two or more points. Hence h does

not have an inverse.

12
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oQn Solutions Notes

10(i) | At the start of month 1, customer owes $15 000
At mid month 1, customer owes $15 000 — x
At the end of month 1, he owes 1.04 (15000 — x)

15000 = 1.04 (15000 - x)

X =576.923 ~$576.92

(i)

Month | Amount owed in the | Amount owed on the last day
middle of the month | of the month

1 15000 — X 1.04 (15000 — X)

2 1.04 (15000— x)— x | 1.04[1.04 (15000 — x)— x]
= (1.04)%(15000) — (1.04)% — 1.04x

3 (1.04)%(15000) — (1.04)3(15000) — (1.04)%x —
(1.04)% — 1.04x — x | (1.04)>x — 1.04x

At the nth month, the customer owes

(1.04)"(15000) — (1.04)"x — (1.04)™x — ...(1.04)x
= (1.04)"(15000) — X[1.04 + 1.042+...+1.04"]

= (1.04)(15000) — X(1-04)g(t-24)” -1

= (1.04)"(15000) — 26 x (1.04" — 1)

k=26

(iii) From
(1.04)"(15000) — 26 x (1.04" — 1)
Substituting n = 12

(1.04)12(15000) — 26 (1000) (1.04%2 — 1)
= $8388.65
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(iv)

Using the amount owed at the end of the nth month,
(1.04)" (15000) - 26x| (1.04)" ~1]<0

(1.04)" (15000) - 26(800)[(1.04)” —1} <0

n>32.56

Least number of months = 33

Qn

Solution

Notes

11(7)

MAB=|-2|-|=2|=|0|==|0

0 0
BE=| 2 |-|-2|=|4|=4|1
0 0

A normal to the plane
5) (0 -8
Ox[1|=|0
8) (0 5

Plane ABED

14
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(i)

—05) (-8) (75
ST=| 0 || 0 |=

N O

2 5
J7.5% +2%/82 + 52

= __0 =0.682880

241
——+/89
\/ 4

0=46.9

cosd =

(iil)

7\ (-3) (10 1
BC=|-2|-|-2|=| 0 |=10|0
2 ) |2 0 0

Line TU

-0.5 1
r=( 0 |+4|{0[,4eR
6 0

8
Plane ADFC is givenby re| 0 [=66.
5

Coordinates of U:

-0.5 1 8

0 |+4]0||e|0|=66

6 0 5
-4+84+30=66

15
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(iv)

8
Plane ADFC is givenby re| 0 |=66.
5
7Y (-05) (1%
TC=0C-OT=|-2|-| 0 |=| -2
2 6 —4
1% 8
-2 || 0
—4 5
Shortest distance = ‘ﬁ on=—r———
V8% +5°
_40
NG

16




