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1(i) Xx=1 x-2

IN

N
>
[any

> X
[N
>
N

<0

>
N
>
[HEN

(x-1)° —(x-2)° -
(x=2)(x-1)
(x—1—x+2)(x—1+x—2)<o
(x-2)(x-1) B
(2x-3)
(x=2)(x-1)

(@)
v

N O

2
(i) x-1
f(x)=——=
(x)=2=
1 [X_;j_l
f(x_ijz 1
(x—j—z
2
_2x-3
2X—5
OR
x—1:1+ 1
X—2 X—2
 Replace x with x—%
2x—3=1+ 2
2X—-5 2X—-5
1
La=—
2
(iii)

Replace x with x —% ,

x—£<1 or §SX—£<2
2 2

SoX<

or 2£x<§
2
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2(i) | Using cosine rule,
BD’ = AD’ + AB* —2( AD)( AB)cos £BAD

=k? +4k* - 4k? cos(x+gj
=5k? — 4k* (cosxcosg—sin Xsin gj

=k? (5—2cosx+2\/§sin x) (Shown).

(i) Since x is sufficiently small, then sinx ~ x and
2

X
CoOSX~1——.
2

BD? ~ k? {5—2(1—%2} Zﬁ(x)}

BD=k(3+2\/§x+x2)E
_ 1
2\ 7z
=3k 1+(§+%H

G 1+1[3+X_;j+_(%)(‘%)[zx T

[

2 2
Bl X X__i(ﬁﬂ

= \/3k + kx

3() | RHS=u,—-2u,,+u_,
1 2 1
T (re) (re2)!
(r+1)(r+2)-2(r+2)+1
(r+2)!
r’+3r+2-2r-4+1
B (r+2)!
ri4r-1

(r+2)!

(Shown)
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(ii) Z”:r2+r—1=2”:(u ou,,+u,)
— (I’+2)! — r r+l r+2

=Uu, —2u, +U,

+U, —2U, +4,

+Uy — 24, + Ug

n

+Uu-", =20, +U,
+Uu-, 20 +U,,,

+uUy _2un+1 +U,,
=U; _2u2 +Uu, +U, _Zun+1 +U,.
1 1 2 1
—1-14+= _
T2 ) (nea) (n+2)
1 1 1

2 (n+1)! (n+2)!

Asn—oo, — 1 + 1 —0.

(n+1)! (n+2)!

2 rl4r 1 1
Z(r+2

I\J

r=1

(iii) | From MF26, see that

1
—+...
I

— 4.+
! r!

3!
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4(1)

(i) Re(z) >0 =Xx—>w

AS X — 0, y_)iix

J3
ie. arg(z):tan‘l(%)a tan‘l(irij:irZ
NE) 6
From the graph, z satisfies the right side of the hyperbola.
Re(z) —>
When y >0,
z

arg(z) increases from 0 to 5

When y <0,

s

arg(z) decreases from 0 to — z

5(a) X kx
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k(x*+k)—2x(k
F(x)=1- (x + ) 2x( X)
(x2+k)
(x2+k) —(k?* —kc?)
(x2+k)2
_ X"+ 2kx? + k? —k* + kx?
(x2+k)2
_ x* +3kx?
(x2+k)
xz(x2+3k)
(x2+k)2
Since k >0, x*(x*+3k)>0 and (x2+k)2 >0,f '(x)>0. Therefore f is an increasing
function. (Shown)
(b)(i) | When k =3,
X3 3x
F(x)= X3 x_3

Vertical asymptotes: x = ++/3
Obligue asymptote: y = x
When f '(x)=0,

x*—9x* =0

x? (x2 —9) =0

x=0 or x=43

Turning points:

09 (33).(+-3

Axial intercept: (0,0)

\

\
~—\
\

=
<
~—

P
}
1
1
[}
1
1
}
1
1
[}

x=—3

ws====—=----}

%
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(i) Va

1
1
1
1
1
|
L
- ) >
R EL X
" (0J0) ! 1(3.0)
1 [
1 L
1 1
! 1
| !
X = _\/g : _;j: \/3
For equation to have more than 3 real roots,
81
a>—.
4

6(i) | Complete the square
—X* +6x=-x*—6x]=—(x—3)*+9

A
g (3.9

N

(1,5)

»
»

X

Forftobel-1on|1,a], a<3
.. the range of valuesof ais 1<a<3

(i)

A (a, —a2+6a)

(1,5)
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(i) | Let y=f(x) & x=f"(y)
For 0<x<1
5+Inx=y
Inx=y-5
x=e"" y<5
For 0<x<a<3
y=—(x-3)"+9
(x=3)*=9-y
x=3+,9-y
Since x<3
Xx=3-.9-y,5<y<-a’+6a
(1 e, x<5
S
3-4J9-x, 5<x<-a’+6a
7(i)
sztan‘lw dw
3 3
:ﬂtan’lw—lj W ~ dw
3 3Y1+w
3
:ﬂtan‘lw—ljw— 2W dw
3 3 w+1
3 2
:ﬂtan‘lw—w—+lln(wz+l)+c
3 6 6
(i)
y
A
Nz
2 ]
“ 1 y=0Cx=Dytan "' (3x-1)
Volume generated by R
2
- (x) (@J [ 2)a ax-0 tn ax-0) o
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From (i),

3 2
IWZ tan' w dw = ﬂtan’lw—W—leln(W2 +1)+C
3 6 6
Let
dw

w=3x-1 =»> —=3
dx

[ (3¢-1" tan™ (3x-1) dx

_1 1 2 -1

_5.[0(\'\') tan™* (w) dw

3 2 L

:l[ﬂtanlw—W—Jrlln(wﬁl)}
3L 3 6 6

1z 1 1
221 tne)
312 6 6

0

Volume generated by R

=( )(%J @) —~ 7Z'J.j(3X ~1)* tan* (3x—1) dx

2
=”__£{1_1+1|n2}

6 3L12 6 6

2
:5i+£—lln2 unit®
36 18 18

8(i)

Since the coefficients of the polynomial are all real and a+i is a root, then a—i isalso a
root.

22—2J§z+b:[z—(a+i)][z—(a—i)]

= 7 —2az+(a +1)

By comparing z term, —2\2=-2a

a=+2.

2
By comparing constant term, b=a?+1= (\/5) +1=3.

Alternative Method
(a+i) -2V2(a+i)+b=0

(a2—1-2v2a+b)+(2a-2v2)i=0

By comparing real and imaginary parts,
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(2a-2v2)=0
a=+2

a?-1-2J2a+b=0
2-1-4+b=0
bh=3

(i)

f(-2) :(—z)6 —3(—2)4 +11(—z)2 -9
=2°-32*+112°-9

=f(z2)

(i)

Since the coefficients of f (z) are all real and /2 +i isa root, then J2 —i is also a root.
Thus z% —2+/2z +3 is a quadratic factor of f (2).

Since f(z)=f(-z), then —2+i and —v/2 i are also roots of f(z)=0.
[z—(—ﬁ—i)}[z—(—ﬁﬂ)}:(z+«/§)2—i2

=722+ 2J2+3

Thus z% +2+/2z +3 is a quadratic factor of f (2).
f(z)=2°-3z" +112* -9

:(22 ~ 232z +3)(z2 +2:/2z +3)(z2 +Cz+ D)
By comparing constant term, -9=9D =D =-1
f(z)= (z2 — 22z +3)(z2 +2:/22 +3)(z2 +Cz —1)

= [(z2 +3)2 —(2\/52)2}(22 +Cz —1)

=(z*+142° +9)(z* + Cz-1)
By comparing coefficient of z term, then 0=9Cz = C =0.

Therefore,

f(z)=(z2 —2\/§z+3)(22 +2J§z+3)(22 —1).
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9() | e¥y=Inx?
Differentiating wrt x both sides,
2 2 dy 1
2xe* y+e* —=-"-(2x
y dX X2 ( )
2xIn X% + e~ dy _2 (Shown)
dx X
( ey =1In xz)
(i) When x =1,
2
e
2
Z_2(M)In1?
Y1 -2 (o)
dx I e

Hence equation of tangent at P: y = g(x—l)
e

Method 1
2
2 (x-1)= 1%
e X
. . . . 2 o nx?
Using GC, another point of intersection between the tangent y = —(x—l) andC:y=—
e X
IS
Q (-0.49516,-1.1001) (to5sf).
» X
Q
2
y=—=(x-1)
€
Method 2

Substitute y = g(x—l) into the equation for C:
e
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e F(x—l)} =Inx*> .. (1)

e
e~ [g(x—l)}—lnxzzo
e
y
y=e {g(xl)}lnx2
€
—0.495)61

At Q, x=-0.495161

y= %(—0.495161—1) =-1.100078256

Hence, Q (—0.49516,-1.1001) (to5sf).

(i) | AtQ,

dlIn (x2 )
& eXz
x=-0.495161

(Alternatively, the above value can be obtained by substituting x =—-0.495161 into
equation in (i))

=-4.2502646 (from GC)

a=tan™ (EJ =36.3441°
e

B = tan™ (4.2502646) = 76.7603°

Required acute angle between the 2 tangents
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—180°—36.3441° — 76.7603°
=66.9° (1 d.p.)

10() %|§XD|:16

:>|§><t~)|:32 A

|zCT

Since l~3:
ol

*b=p|b=5d
=>|ax5d| =32

axd|-=
5

laxd| is the shortest distance from A to OB
OR the perpendicular height of the triangle OAB with OB as the base.

(ii) Let @ be the angle between a and b
[axb|=32
|a||b|sin & =32 5

sin9:ﬂ
5

Since @ is obtuse, cos@:—g

a-b =|a[fb|cos 6

3
asb = (8x5)(—§j =-24

(i)

By ratio theorem,
OC = ub+(1-u)a
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OC] = [ +(1- )4

locT =[ub+(1- )
401

= ~Luo+(1-p)a}[ b+ (1-m)a]
401
g = ol +2u (1= w)as+ (1 p)'[af

% = 2547 — 48 (1— u) +64(1— )’

401=12254% - 23521 (1— 1) + 3136 (1- 2 + ?)
67134 —8624 4+ 2735=0

_5 547

H=7" 959
O0C=2a+2p 0C=22,, 57
a7 959 " 959"
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11(a) | Let the point where the diagonals meet be M.
i

® AM =+/a? - X2

MC =+/b* —x°

Method 1:
Area of kite ABCD
= Area of AABD + Area of aBDC

:%(ZX)\/a2 -x2 +%(2x)\/b2 -x?
=(x)va?—x* +(x)\/b*-x?

K =xv/a? = x? + xy/b? = x2

Method 2:
AC =+/a? —x? +4/b? = X2
Area of kite ABCD

_1
= E(AC)(BD)

= %(\/a2 —x? ++f07 =x? )(2%)

K =xva?=x2 +xyb? —x?

Ea)) %=§(—2x)(a2—xz)f%+(a2—xz)%+§(—2X)(b2—x2)f%+(b2—xz)%
1]

dK 2 2 % 2 2 % 2
— —(a?=x*)* +(b*=x?)* —x

dx

1 N 1
JaZ—x* b2—x?

=a® -x* +b* - x° —X{\/az_xz +\/b2_xz}
VJa? —x? b2 —x?

:waz_waz_xz){ 2 }

L X
Ja? - x2\b? - x?

For stationary value of K, %—K =0

X
dK _ (Va2 —x? +b? —x?)[Va? - b2 —x* —x?] (%)

Jai—=x*> >0, Jb*=x*>0

JaZ—x? +/b?=x* >0
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JaZ—x2Jb?=x* —x2 =0
X2 :\/az —X2\/b2 _x2
X4 =(a2_X2)(b2_X2)
x* =a®? - x*(a?+b?) +x*
x2(a? +b%) =a%’

. _ b’

a?+b?
ab

Jai+b?

X = x>0

Alternative Method:
dK _a’-2x° N b®-2x* _
dx \/az 2 \/b2 _x2
a’-2x*>  2x°-Db?

Ja? —x? B Jb2 = x?

(a? —2x?)/b? —x? =(2x? —b?)a? — x?
(a2 —2x2)2 (b2 = x?) = (2x? —b2)2 (a? —x?)
(a* —4a?x? +4x*)(b? = x?) = (4x* —4b?x? +b*)(a? = x?)
X2 (a4 _b4) _ a4b2 _a2b4
,  a’?*(a?-b?)

(a2-b?)(a%+b?)

0

X2 B a2b2
(a? +b?)
(a) a2b? a2h?
_ a2 2
(i) AC_\/a a?+b? +\/b a?+b?
\/a“ +a’h?-a’h? \/b“ +a’h?-a’h?
= +
a?+b? a?+b?
_\/ a +\/ b
“VaZ+b? a’+b?
_ai+p?
a’+b?
.. AC =+/a’ +b?
(@ From (iii)

(iv) | Since AC? = AB?>+BC?
.. AABC =90° or % radians
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(b) Let the horizontal distance travelled by the kite be y m.

tan @ = 30
y

30
0 =tan"
(2] 0

dﬁ_;(_@j 0
d - 2 2 ) -
y 1+(30J y ]

y

30

y® +30?

When y :\/ 10710) ~30% =10 and % _24,

do_do dy
dt dy dt
30
=———(24
102+302( )
9
=———rad/s
125

The angle is decreasing at 9 or 0.072 rad/s

Alternatively, 0

tanG:@

y

diff wrt t, 10@ 30
d9 30 dy

dt y® dt 0
0
When OQ =104/10, y =10 and sec 0= [10\/_}

040 __30dy

dt 100 dt
dé 3
@ 100%%

= —i rad/s
125

The angle is decreasing at % or 0.072 rad/s.

12) |, _ o
dt
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(i) Speed V:%:d_v:dx
dt dt dt?
2 2
Given d_2<+a(d_xj =10
dt dt
dv 2
= —+a(v) =10
dt

:>%:10—on2
dt

(iii) 2 2
dx, a(d—xj -10.
dt dt

2
Given that d_;( =4.375 when % =15.
dt dt

4.375+a(1.5)* =10

Sa==
2
:ﬂzl _3yp =§(4—v2)
dt 2 2
d 2

- dv 5(4—v2)

:jgdtzh_lvz dv

:>§t+C:1In
2 4

2+V

2-v
2+V
2-v
2+V
2-v

=10t+C'=lIn

= e10t+C' —

2+V .
= Ae' = >y where A = +e°
—v

Whent=0,x=0,v=0
2+(0)
2-(0)
= A=1
— glot :ﬂ

2-V
=e(2-v)=2+v

= Ae’ =

10t _\elot _ oy

—2=v+ve
2e10t _ 2
et +1

= 2€e
= 2!

=>V=
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2_2 —-10t
=V= therek 2m=1
(iv) N
2 .............................................
0 >t

Ast—>o,e '™ —»0,v—2and % — 0 according to graph.

Thus 3—1( will increase and approach 2 m/s.

2
" 3; = 3—1’ will decrease and approach O m/s?.

(V) v,

Area under the graph

910t
ITZ 2?10t dt
0 1+e

Test _g 8
-2, md‘

T 5!
:_-[ el +e

= g[In(e5t +e’5t)]:
- é[ln(e5T +e " )=In(e® +¢° )}

5T -5T
= gln [%} where =5

T 5t , -5t

Alternative Method:
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2e10t_2
lOt +l dt
Del0t -10t
_J. _[ et 1 1+e—10t dt
17 10e™ T-10e " ot
_5I et +1 Io 1+e1

T

_ {gln (et +1)+%In (et +1)}
}In{(em +1)(e™" +1)}
5

o]

4

21.{_@%“@

4

Alternative Method

-10t
o2
—1Oe’10t

=2T + ————dt
1070 e ™41

= 2T +gln(1+e’m)—gln2
5 5

-10t
:ge5T +§|n(1+e j
5 5 2

_Em(MJ
5 2

(v) 2

c In [%} represents the distance the First Aid Kit dropped from the cargo drone

in T seconds
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