DHS 2022 Year 6 H2 Math Prelim Exam P1 solutions

Qn | Suggested Solution

1@) | —x*+6x-14= —(x2 —6x +14)

=—[(x—3)2+5J
= —(x—3)2 —5<0 for all real values of x
(+(x=3)" 20)
Alternative
Discriminant of — x* +6x—14 =6 —4(-1)(—-14)
=36-56
=-20<0
Since coeff of x> < 0= —x? +6x—14 < 0 for all real values of x
(b) | x-5_ 3
X—2 4-x
(x=5)(4-x)-3(x-2) S0
(x—2)(4-x)
—x?+6x-14 0
(x—2)(4-x)

Since —x* +6x—14 <0 for all real x,
(x—2)(4-x)<0
Xx<2o0r x>4

(©) 3
4-x’
Replace x with —In x.
Inx+5 3

> )
Inx+2 4+Inx

X-5
>
X—2

—Inx<2 or =Inx>4
Inx>-2 or Inx<-4 5t/ >

x>e? or O<x<e™ ]




Qn | Suggested Solution

2(a)

(b)




Qn | Suggested Solution

3(8.) d sin®2x _ 4esin22x

2
in“2x
—€ ¥

Sin2xcos2x = 2e sin4x

sin? 2x

X
e sin4x

[1+e$n2x
1 sin22x i sin22x 7‘%
:EI(Ze sin 4xj 1+e dx

1
sin22x \2
:(1+e ) +C
sin22x
=v1+e +C

d
(b)
J

T sin2 2x
© I“(e ’ sin4x)cos2 2x dx

0

sin22x i % sin22x .
=[le ' cos? ZXT—J. 2™ (—4cos2xsin 2x) dx
2 , Jo2

% sin2 2x .
:—£+j e ’ sin4x dx
2 0




Qn Suggested Solution
4 | Method 1
. 2n
(cos@+isin@)® +(cos @ +isinG)° _e' 3
(cos 30 +isin36) + (cos50 +isin56) :e( 3
i(-2%)
3

(cos 30+ cos50) +i(sin30 +sin560) =e

., 2n
200340c030+2isin490030:e( 3

i-25)

2cosd[cos4f+isindf]=e

. 2n
[2c0s0]e™) =g 3’

., 2n
‘(Zcose)e‘(‘w)‘ —e73)| 21

2cosf|=1 = 9=J_rg

Comparing the argument of 46 with 7273“, only @ :g is valid.

Method 2

(cos@+isin@)® +(cos @ +isin H)° :—%—gi
(cos 38 + cos56) +i(sin 36 +sin 50) =—%—§i
2c0s40cosd + 2isin 4¢9c036’=—%—§i

Comparing real and imaginary parts,

2cos4dcoso :—% 1)

B3

2sin40cosf = Y @)

@ tan49=\/§

@

4g=_2F 27 7 4T
3" 3’33

__ o oz
12’ 6’12’3

Only 6 = % satisfies (1) and (2).




Qn | Suggested Solution

5@) | y?=2sinx+2xy ... (1)
Differentiate with respect to x,

2yd—y: 2005x+2(y+xd—yj
dx d

X
2yd—y—2xd—y:2cosx+2y
dx
d_yzm (Shown)
dx y—X
(b) | For stationary points,
dy _cosx+y 0
dx y—X
cosx+y=0
y =—COS X

Substitute y =—cosXx into (1)

(=cos x)? = 2sin X + 2X(—C0S X)

c0s® X —2sin X+ 2xcosx =0

From GC : x=0.87394 or 4.4877

y =—c0s(0.87394) or —cos(4.4877)

=-0.64181 or 0.22280
Coordinates : P(0.874,-0.642) & Q(4.49,0.223)

dy _
(y x)dx_cosx+y

2
(y—x)d—zl+d—y d—y—l :—sinx+d—y
dx® dx\.dx dx
When C}I—y:O,
dx
d’y .
—X)—= =-=sinXx
(y )dXZ
At x=0.87394 and y =—0.64181,
2
3%:0.50593>o

~.(0.874,-0.642) is a minimum point.

At x=4.4877 and y =0.22280,

2
9y _ 922858 <0
X

~.(4.49,0.223) is a maximum point.




Qn | Suggested Solution

6(a) | Method 1
dy  sin[In(l+x)]
dx 1+x

S+ x)g—i =—sin[In(1+x)]

Differentiating with respect to x,

(1+x) y dy cos[ln(1+x)]:_ y
dx 1+x 1+x

S+ x)° d_2+ 1+ x)g—y+ y =0 (shown)
X X

Method 2
cosy =In(1+x)
Differentiating with respect to x,

1 (dyj 1
11— 2 y2 Ldx 1+x
(1+ x)g—i = J1-y?

Differentiating with respect to x,

oL 8 DOy (e
dx*  dx /1_y2 dx /1_y2 dx

L R (d_yj:_i
a2 dx  1+x \/1_y2 dx 1+x

d’y dy
1 2— 1 -
( +X) dx? ( +X)dx y

(1+ x)2 37y+(1+ X)j_x+ y (shown)

Differentiating with respect to x,
2

d’y d’y d’y _dy  dy
1+x2—+21+x —+1+x —+—+—=0
d+%) X d+%) NG ( )dx2 dx dx

L+ x) +3(1+ x) 2% g
dx
D|fferent|at|ng again W|th respect to X,

(1+x) +2(1+x) y+3(l+x) y+33y 23y 0
X

2
-1+ %) +5(1+x)d Y,59Y g
dx* dx® dx

2 3 4
When x=0, y=1% -0 9¥_ ,d¥_5dV
dx dx dx dx
X +§,x3—%x4+

1
2
=1-1x*+1x* -2 x* +... (shown)

=-10

Ly=1-=




(b)

sin[In(l+x)]=—@1+ x)g—i

=L+ X)(-x+3x* =55 +..)

_ 1y2 | 143
_X_EX +EX +...

(©)

.. Equation of tangent to curve at x=0isy = X.

Suggested Solution

@0 i(x+3)r—1i(x+3jr
— 4r+l 4r:0 4
18 (x+3Y (x+3Y) x+3Y
== +|— |+t —
4r:0 4 4 4
1_1_(XT+3)H+1_
:Z_l—%i_
1_1_(XT+3)FI+1
=Z_ 1_TX _
1 n+1
-]
(i Common ratio, r of G.P. = XTJFS
When x = -5, po2¥3_ 1
2
Since |r|:l<1,the G.P. converges. Hence, the seriesz(x+3) converges.
2 e 4r+l

. . (_5+3)F BT l _ (=543 n+1
|Im§ 4r+1 _!1@01_(_5)[1 ( 4 ) J




(b)(|) 2k 2k

5

°(6)11)|
_Z[Zk—6+1(6+2k))

=k(2k +1)(4k +1)-165—-2(2k —5)(3+k)
=k(2k +1)(4k +1)—2(2k —5)(k +3)—-165

(2k+1)(4k +1)-

(i) | Method 1
66
Replace r withr +4in >’ (r—4)(3r-14).

r=10
r+4=66 r=62

> ((r+4)-4)(3(r+4)-14)=>"r(3r-2)

r+4=10 r=6

Compared with (b)(i), observe that k = 31.
66

D (r—4)(3r-14)

r=10
r=62

=§r(3r—2)

=31(2(31)+1)(4(31)+1)-2(2(31)-5)((31)+3)-165
= 240084

Method 2
2k
Replace r with r —4in > r(3r-2).

rfk(r —4)(3(r-4)-2) =k (2k +1)(4k +1)—2(2k —5)(k +3)—165
2kf(r —4)(3r-14) =k (2k +1)(4k +1)—2(2k —5)(k +3)-165

Observe that 2k +4 =66 = k =31.

66

> (r-4)(3r-14)

:;1(2(31)+1)(4(31)+1)—2(2(31)—5)((31)+3)—165
= 240084




Qn | Suggested Solution
8(a)
A y
X
\ (O,—l)
y=g(x)
y=1(x)

(b) | For composite function fg to exists, R, < D;.

Since (—o,0) = (—0,0) U (0, ), fg exists.

R —93(—00,0) — (o0, —1].
Ry = (=0, ~1].




(©)

Let m = g(x),
fg(x) =14x+1—2e™

f(m) =14x+1-2e"*
In(m®)+2(m) +1=14x+1—2e"
In(m?) +2(m) =14x - 2"

Guess

5og(x)=-e™.

(d)

From the graph, the least value of k is 0.
f(1) =In1* +2+1=0+2+1=3 (verified)

Gradient of y=f *(x) at (x=23)
=1/( Gradient of y=f(x))at (x=1)
1

=——=0.250
'@

10



Qn

Suggested Solutions

9(a)

To find eqgn of the line,

a:%z:x:2+2a
2 2
a=%:>y:4+3a = r=4+a|3|,aeR
/-6 6 0
Normal of plane p,
-4\ (2 2 —6) (2 18 3
=l 4 |—-|4||x|3|=| 0 |x|3|=|-12|=6|-2
0 6 —-6) \0 -18 -3
3
Letn, =| -2
-3
1 0 1
Normal of p,, n,=| 0 |x|1|=]|-1
-1) (1 1
Method 1
For direction vector of line of intersection,
1 3 5
n,xn,=|-1|x|-2|=|6
1 -3 1
5
Hence the line of intersection is parallel to | 6 |. (shown)
1

Vector equation of the line of intersection is

2 5
r={4+p4/6,5cR
6 1
Method 2
3 -4\ (3
pir-|-2|=| 4 |-|-2|=-12-8=-20=3x-2y-3z=-20
-3 0)\-3
1 2) (1
p,:r-|=1|=14||-1|=2-4+6=4=x-y+z=4
1 6)\1

11



Solve p, and p, using GC:

X —28+5z —28 5
y|=|-32+6z|=|-32|+2| 6
z z 0 1

Let g =z, we obtain the equation of the line of intersection as

28 5
r=|-32|+p|6| BeR.
0 1

5
Hence the line of intersection is parallel to | 6 |. (shown)
1
(b) | Acute angle between p, and p,
1 3
11| =2
1)(-3 2
=C0s ' |m—Z—r—=2|=C05" |—=——|= 75.7°
V3422 V322 ‘
(©) From Q9(a) Method 2,

1
p,:rel-1|=4
1

Let the foot of perpendicular from Ato p, be F.

—4 1
le:r=| 4 |[+y|-1|, yeR
0 1
Since F lieson |,.,
-4 1
OF =| 4 +y| =1 | for some values of y
0 1

12



Since F also lieson p,,

d+y—-4d+y+y=4
Jy=12=y=4

—4 1 0
OF =| 4 |+4|-1|=|0
0 4

(d)

Since all three planes have a common line of intersection, the point (2, 4, 6) must also lie
on p,. Substitute (2, 4, 6) into ax+3y+2z=h.

a) (2
3|-|4|=b=>2a+24=D
2)16

and the normal of p, must be perpendicular to the line of intersection,
al (5
3/-/6|=0=>5a+18+2=0=a=-4
2)\1

Therefore a=-4, b=16.

13



Qn

Suggested Solution

10(a)

N _g o2
at

j5 T dv—.[dt

5 dv=|dt

-[25—v -[

5 iIn +C =t
2(5)

Since

%=5—0.2v2 >0

dt
=0<v<5 asv=0

5+v
5-v

1
5 —In(ﬂ) +C =t, where C is an arbitrary constant
2(5) \5-v

=—I (5+V)+c
2 \5-v

Sinceatt=0, v=0; Ozlln(sﬂ}c
2 5-v

=C=0

—ll (5+vj
2 5-v

(b)

Since dv_ 5-0.2V,
dt
The velocity of the object is increasing at a decreasing rate.
Method 1
2t a2t

:—I 5+v - V:5(ez 1):5(1 e2 )

2 \5-v e’ +1 1+e™
AsSt—o oo, vo5,

In the long run, the velocity of the object will travel at 5 m/s.

Method 2
1, (5+v s D+V
t==In =>e" =——
2 5 v 5-v

Ast >o0o=5-v>0=>v—>5

14



(©)

jmv dt

m5(* -1) —1)
-[ @ +1) +1)

o[ m e+ -2
Ut

o 2
=5 [ 1- o] dtj
m 2 -2t
-5 jo 1—@ dt]

m 2e—2t
=5| |, - dtj

t+|n(1+e’2‘)]

5
5[ m+In(L+e”")~In(2) |
5[ In(e") +In(L+e ") -In(2) |

{ e (1+e‘2m }

:5In(e +2e )(Shown)

Alternative method:
.[ mv dt
0

=’ 5D
o (e +1)

m e2t m
=5\ |, o 4, e‘ dtj

m e2t m e
=5 Lmdt—j ﬁdt}
e

1 m 2e*
=5 =| = - dt
270 e” +1 01+e”
r m n _2a~2t
=5 1In(e‘21+1)} £ 2e72t dt
| 2 o 29%1+e

m

1 1
=5/ ZIn(e* +1)+=In(l+e™
(e 1) ine™)

0

15




m

+e

>0

Suggested Solution

11(a)

The liquid level could either be in the cylindrical or conical section. Assume it’s in the
cylindrical section of height L and constant cross-sectional area of 16xn

V =zr’L=167L ©
v _ (167r)d—L
dt dt
= d_L = __50 20 cm A
dt 16z Lc

=-0.99472 cm/h for h>4 ﬂ

Since a =-0.99472 #-1.21 hcm
dt 4 cm|

= liquid level is in the conical section :

=h<4 Neoo-o-o--od

Let r be radius of water surface in conical section.

From diagram, r = h.

dt dh dt

—50 = zh*(-1.21)
h =3.6267
h=3.63 cm (3 sf)

16




V =17(3.6267)
=49.9552
=50.0 cm® (3 sf)

(b)

than0:> BD =kcoté
BD
AB=m-kcotd

m-—k cot &
LEET

1

L =sind = BC = kcosecd
BC

kcosecd
RBC = /U( A ]

2

Therefore, R, = ,u( m- k::ot@ + kCOSfCHJ (shown)

1 2

(©)

dR; _ ﬂ[_ k(—COSGCZQ) k(—cosececote)}

4 4
de I r,

- 4 4

Lk cosec’d _ cosecd cotd
h I,

4 4

cosec’d cosec?dcos b
= 1k _
n I

4T T 4
1 r

= ykcosecze[ L COS@J

When dﬁ:o,
do

,ukcosecze( L cos@j =0

4T 4
1 r-2
1 cosd
cosecd =0 (nosoln.) or ——-—==0
hoon

4

r

cosd =2 (shown)
n

17



(d)

Method 1
dr, _ 1k cosecze[%— Coiej
0 r,
1 2

1k cosec’d
- T(r24 ~1,' cos )
172
2 4
_ Lk COfeC 6’(%_(:059
r n
As cos@ >cosé >cos@" when @ is acute,
o 0 o"
r4 r4 r4
cosd” >-=% cos g == cosg" <=
r r I
1 1 1
R o R _o R o
dé dé dé

. Stationary value in part (c) is a minimum i.e. least resistance.

Method 2
d’R; _ | k(2cosecd)(—cosecocotd)
de&? r
k (—cosecé? cot® @ + cosecd (—coseczé?))
- 4
E
[ 2cosec?@cotd cosecdcot? O+ cosec’d
= uk | - pr + 4
L 1 2

 2( 1 cosf) 1 1 cos’f 1
B B Brcwe - Sienersl o) e tiemy e
| L \sin®@ sind) r,\sind sin“6 sin"0

= ﬂ—f{%(u cos? 9)—%cos 9}
sin“@|r, I

r4
When @is acute and cosd = =, _”k >0 and

' sin®@

18



1 2 1 Y 2 r
—4(1+C0520)——40059:—4 1+i8 ——4%
r, I, ool R Al B A
1 .r
b n I
— 1 r24
~— 4 8
rZ rl
8 8
— h -0
r18r24

>0 (since r,>r, =1 >r))

2
Hence, C;% >0 = Minimum value.

19



