2022 JC2 H2 Math Paper 1 Suggested Solutions:
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Let the equation be y =ax* +bx+c, where a, b and ¢ are constants.
Given that when x =% : dy =2ax+b=0 = 2a(%)+b =O:>%a+b=0 ..... (1)

S7

Givenwhen x =1, = 2a+b =-3--—---(3)
Solving simultaneously using GC,a=-2,b=1andc=7
Hence, equation of curve is y =—2x*+X+7

Alternative Method

. 1) 57
Let the equation of the curve be y=—k| x—=| +—.

4 8
Then ﬂ = —Zk(x—ll
dx 4

Using the given information, k = 2.

2
So the equation is y = —Z(X—%j +%
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4. (a) In any order:

Scale parallel to the y — axis by scale factor of % :

Translate 1 unit in the positive x — direction.

(b)(¥)

Y (2-a,0)

x=0

b))  x=-2, x=2



5.

(i) y=+1+cos*x

Squaring both sides: y* =1+ cos” x

Diff wrt x:
2y(;|—y 2cos x(—sinx)
2yd—y+sin2x:0 (shown)
dx
Diff wrt x:
2
2ydy dy 2dy +2c0s2x=0
dx*  dx\ dx
2 2
> 2yd—¥+2[dyj +2¢052X =0
d dx
dy d’y 1 2
When x =0, =0, - Y=
y=+2. dx & 2 2

y =+1+cos* X = \E——x +..

2 2
(i) y=+1+cos*x = 1+[1—X?j

= 1+(1— X2 +)

i3]
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valid for |X- 5 <1:>- 2 <x<+2




()(b)

Method 1 (use double angle formula for tangent and then trigo integration formula)

J-Zanx dx=_[tan 2x dx
1-tan” x

= 1In|sec2x|+c
2

Method 2 (use double angle formula for tangent and then f ’(x) formulat)

J-Zanx dx=J'tan 2x dx
1-tan® x
_J'sin2x ___jZSIﬂZX
C0S2X C0S 2X

=—%In|cost|+c
(i)
Method 1 (Simplify using Factor Formula)
jo cos[(a+1)x]sm ax dx

:%I:sin(2a+1)x—sin X dx

[ —cos(2a+1)x }”
" 7 L cosx
2a+1

0

1
2
i —cos(2a+1 - 2a+1)0
2 2a+1 2a+1

SERRIE
1
2

2 _zj
2a+1

1 2a
= -1 or -
2a+1 2a+1

Method 2 (By Parts) u=cos| (a+1)x] dv =sinax
du=—(a+1)sin[(a+1)x]

J'Oncos[(a +1) x]sin ax dx

. u'=sin[(a+1)x] dv' = cosax
:{—lcos(aﬂ)xcosax} -[ a—+lsin[(a+l)x]cosax dx 1
a o "0 @ du'=(a+1)cos[ (a+1)x] V'=gsinax
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J.oncos[(aﬂ)x}sin ax dx =

Method 3 (By Parts)

Ioncos[(a +1) x]sin ax dx

1 . .
——sinaxsin
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isin axsin(a+1)x
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isin axsin(a+1)x
la+1

B
|
|

a+l
(a+1)°-a

(a+1)

2a+1
(a+1)

joncos[(a+1) X |sinax dx = —

T

0

T

0

2
n . 1 a+1
j }fo cos[(a+1)x]sm ax dx:[—gcos(aﬂ)xcosax—( —

2 ][0 cos| (a+1)x]sinax dx =

(a+1)x}0 —~

) }j cos[ (a+1)x sin ax dx{
}j cos[ (a+1)x Jsin ax dx—{

}J‘ cos[ a+1 x]sm ax dx =

6

_K%ﬂj{[isin (a+1)xsin axI —_[On(aTJrl)cos[(a +1) x Jsin ax dx}
_[aT“Llesin(aﬂ)xsin axI +(a7+1j2 J'Oncos[(a+1)x]sin ax dx

1

jsin (a+1)xsin ax}

0

) V4
p_ateats +a22a+1}j0ncos[(a+1)x]sinax dx=—i{cos(aﬂ)xcosaxj{aTJrljsin(a+l)x5inax}0
1 . .
ot _g[(l)(—1)+0—(1)—0] when a is odd integer

—i[(—l)(1)+0—(1)—0] when a iseven integer
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2a
2a+1

=8

j:_

u =sinax dv =cos(a+1)x

sin(a+1)x

du = acosax Vs—«—
a+l

u' = cosax dv'=sin(a+1)x

T
T

a . _ \ 1
. a—+lcosaxsm(a+l)x dx du'=-asinax V'=—-——cos(a+1)x

a+l

j{[—ailcosaxcos(a+1)x}:_J’“(ailjsm axcos| (a+1)x] dx}

[cosaxcos(a+1 x] +(aT

a
a+l

A

Va

+
0

J' smaxcos[ (a+1) x] dx
(a+1)

T

Lsin axsin(a+1)x+

1 2cosaxcos(a+1)x}
+

(a+1) .

Va

Lsin axsin(a+1)x+ a
a+1

~Ccosaxcos(a +1)x}

(a+1) .

a a . .
{O+ (a+1)2 — (a+1)2 (1)(1)} when a isodd integer
{ @ 1) > (DD - 0—( 2 (1)(1)} when a iseven integer
2a ((a+1)*)_  2a
(a+1)?\ 2a+1 ) 2a+1



.
Given that 1980 = (area of trapezium)(y) = 11x?y
1980 180

C11x2 X
HD? = x? + x> (Pythagoras Theorem)

7. (i)

HD = xv2
So A = twice the area of each trapezium + twice the area of each rectangle + area of base

= 22x2 +2xy~/2 + 10xy
=22x% + 2xy(5+\/§)

=222 + 30 (542
X
(1) At stationary point, j—i‘ = 44X —%j@ =0

Solving for x gives 3.7440 cm.

2
+
d—?:44+w>0 for all x> 0.
dx X

So A is a minimum.

Alternatively, accept first derivative test.

Minimum A is given by A=925.1371~925cm*cm?®
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8. (i)
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5.

Since (use one of the following clauses or equivalent)

e Every horizontal line y =k cuts the graph of y=f(x) at most once, OR

Every horizontal line y =k that cuts the graph of y=7f(x) does so just once, OR
No horizontal line y =k cuts the graph of y =f(x) more than once,

-, fis a one-to-one function, and its inverse function f* exists.

Df_l =R; =(—oo, O)U(l, o), OR
=R\[0, 1]

(iii)
fg(x) =f(g9(x))
:f(2ln|x—4|)
1

B 1- e_ZIn‘X_A" \

1 Alternatively
— 1
1_(eln\x—4\) = ———

-2
/ 1_eln(‘x_4‘ )
1 + VAe R, A

m =A (i.e. e'”D:D)



1
1

e ay
(x=4)
(x—4)2 -1
(x=4)°

(x=4)° (shown)

(x=4+D)(x-4-1)

e Method 1: Using graph of

y=1 (asymptote)

(x=3)(x=5)

y =1fg(x)

VA | i

. ¢~ 4)°
| | =ty =——Y

" Ry = (0, 0)U(L )
=R\[0,1], OR

, OR

={yeR:y<0 or y>1}.

e Method 2: Using both the
along with the

ng = Rfrestricted toR,
= Ry restricted to R\{0}
_R\[0, 1.

fg(x) <0
(x=4° _
(x=3)(x-5)

(iv)

graphs of y = f(x) and y = g(x),
“mapping” method.

»), OR

Method 1 : Test-point approach

Critical values : x=3,

+

4,5

3 4

C

C
o1 -O-----
< V

S.o3<xXx<4 or 4<x<5h

Accept: (3<x<5

and x = 4)

=\ X
| i ‘. (x=3)(x-5)

#3,4,5



Method 2 : Graphical approach
VA

(x -4y

YT x=3)x-5)

y=1 (asymptote)

Q
[ YN S ——

.
—-————————f‘:‘-

oo 3<x<5h and x#4
Accept: (3<x<4 or 4<x<b)
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9.

. 1 Y dh 1 1
(@)(i) hz(l—EAtj :Ezz(l——Atj(—EAj:—Ax/ﬁ

2

2
(@)(it) Subst h =0 and t = 20 into the general solution, we have 0= (1—%A(20)) = A= %

2
When h =0.5, %: (1—2—10tj =t= 20[[ 1} or 5.86s since t cannot exceed 20s.

J2
d?x 1 dx 1
b) o= =[———dt
® J3-t2  dt I\/3—t2
} t
=sin?| —= |[+C
&
] L. . t
Integrate w.r.t. on both sides again gives x=|sin!| —= |+ Cdt
g e e
1
By parts, we have Isin‘ ( jdt_tsm ( j '5 dt
" 1 1 1 L
We have t3—t 2dt=—= 2t 3—t?)2dt =—=x2(3-t? —(3-t7)2
Jt( I ) 5¥2(3-t°) =—(3-t’)

1

Thus, x = tsin™ [%j-F (3-t2 )E +Ct+ D, where C and D are arbitrary constants.
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10.(i) Normal to plane OABC
—0AxOC
0 4
=| =7 |x| -5
1 3
-21+5
=| —-(0-4)
0+28
-16 —4
=| 4 |=4|1
28 7

-4
Equation of rooftop planeis re| 1 |=0
7
Hence cartesian equation is —4x+y+7z=0
(ii)
Angle between rooftop and ground
-4\ (0
1l |¢0
o 7 1

J16 +1+ 491

=cos™? ﬂ

J66

=30.5

(iii)
Note that rooftop OABC is not a parallelogram.

= CO0S

Surface area of rooftop (where units are in tens of metres)
= sum of area of triangle OAB and triangle OBC

_Lloaxosl|+jocxoi
2 2 B
0 3 4 3
=% =7 x| -9 += 5%l -9
1 3 3 3
0 1 4 1
:E —7 |x| -3 +§ -5 (x| -3
2 2
1 1 3 1
-4 4
:§ 1 +§ -1
2 2
7 -7

—3./66 units?
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Alternative Method

Surface area of rooftop (where units are in tens of metres)
= sum of area of triangle OAC and triangle ABC

_Lloaxoc|+ L aBx Ac
2 2 B
C
0 4 3-0 4-0
1 1
=—| =7 |x| -5 |+=| 9+7 x| -5+7 A
2 2
1 3 3-1 3-1 0
0 4 3) (4
:l—7x—5+l—2x2
2 2
1 3 2 2
. ~16 -8
=—|| 4 +l 2
2 2
28 14

- %\/1056 +%\/264 =366 units?

Note:

Students may notice that the cross product is the same as that for the normal of plane OABC and so can use
the result from (i) instead of solving the cross product from scratch.

Students may notice that plane OABC is a kite and so the area can be taken as twice area of triangle OAB.

(iv)
For the pole to be shortest, the pole must be perpendicular to the rooftop from point H.
Let | be the foot of perpendicular from H to plane OABC.

-2 4 *H
Luiir=|-5|+4| 1 5 ¢
9 7
Since | lies on plane OABC, A
—2-41 -4 o)
-5+1 |¢| 1 |=0
9+74 7
8+164-5+1+63+494=0
A=-1
-2+4 2
So, Ol =| -5-1 |=| -6
9-7 2

So point is (2, -6, 2)
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Alternative method 1:

0 1 0+
Topse - F=S| -7 |+t| -3 |=| -49/5
1 1 715
-2t
IH =| -5+7s+3t
9-s—t

Since IH L g,

-2-t 0

—S5+7s+3t o =7 |=0

9-s-t 1
35-49s-21t+9-s-t=0 ---- (g
-2-t 1

—-5+7s+3t sy -3 |=0

9-s-t 1

—2-1+15-21s-9t+9-s-t=0 -—--(2)
Solving,s=0,t=2
Coordinates: (2,-6,2)

Alternative method 2:

-5
BH =| 4
6
ﬁq':(ﬁﬁqon)n
5\ (4 4
4 |of 1 1
6 7 7

JA2 412 472 (A2 112+ 72

[
N\
© |
g N
|
~ P
SN

Coordinates: (2,-6,2)
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11. (i)

2(H-5) 2(H-5-5)

‘ . 2(H~-5-5-5) 2(H-(n-1)(5))

AR IR

1 2 3 4 n

Height reached after 1%t bounce = H -5
Height reached after 2" bounce = H —(2)5

Height reached after 3" bounce = H —(3)5

Height reached after the (n—-1)th bounce = H —(n—-1)(5)

(ii)

Total distance travelled by the ball just before it rebounds off the floor for the n time
=H +2(H -5)+2(H -2(5))+2(H -3(5))+...+ 2(H - (n-1)(5))

=H+2H +2H +...+2H —2[ 5+ (5+5)+(5+5+5)+...+(n-1)(5)]

(n-1)terms

—H +2(n-1)H —2[”2 L(5+(n- 1)5)}
=H+2(n-1)H -5n(n-1)
OR

Total distance travelled by the ball just before it rebounds off the floor for the n time
=H +2(H -5)+2(H -2(5))+2(H -3(5))+...+2(H - (n-1)(5))
=H+2H +2H +...+2H —2[ 5+ (5+5)+(5+5+5)+...+(n-1)(5)]

(n-1)terms

- +2(n-H -2 " (2ls]+(1n-1]-1)5)
=H +2(n-1)H -(n-1)(10+5n-10)

=H +2(n-1)H —(n-1)(5n)

=H +2(n-1)H -5n(n-1)

(iii)

State an assumption made in the calculation above.
- The ball only travels vertically
- Upon hitting the floor, the tennis ball rebounds instantly
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(iv)
Time taken between 1% and 2" bounce = 1.2
Time taken between 2" and 3™ bounce = 1.2(0.75)

Time taken between 3 and 4™ bounce = 1.2(0.75)"
Time taken between m™ and (m+1)th bounce = 1.2(0.75)™"

1.2(0.75)" " <0.02

(075" < 222

In(0.75)

m-1>14.232
m >15.232
Least m =16

Alternative Method (using GC table)

1.2(0.75)"" <0.02

Plotz Plot2 ) A ‘Y1'
I\Y1B1.2%0, 755 ﬁ EEEEE
ENY 2= .
NE ki
[ | 4= |
ENYs= 17 T

N I e
Nii: i li

%=16
Leastm =16
(V)
. . 1.2

total time taken before the tennis balls comes to a stop = T os

=6.8s

+2
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12. (i)

X=2rcosd

0=2rcosé y=2rsind

r 0=2rsing
0=c0s0=0="" §_singeo=0,1r
. T Xx=2rcos0=2r or x=2rcosz=-2r
y=2rsin—=2r
2 ~.(2r,0) and (-2r,0)

.'.(0,2r)
(i)
The exact area of R

A:J'OerinH%dH
x do

o . .
=I 2rsing(-2rsing)do
:j0”4rzsin29d9

_ Ioz ar? 1-cos 26

:2r2j0”1—cosze do

do

:Zr{H—S'n 20}

0

=271’
(iii)

B B %2 d_yz
= 2y [ %42 oo

= _[” 27 (2rsin 9)\/(—2r sin 9)2 +(2rcos 9)2d0
0

= j” 27 (2rsin@)v4r*do
0

= Sﬂrzjﬂsin 6 d0 =87r*[—cos 49]”
0 0

=16 zr?
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(iv)

When the region T" is rotated about the y-axis completely, a sphere with radius 2r is obtained.

Using the symmetry property from the first curve C, the surface area obtained is the same as the first curve
with radius 2r.

Since 2r = 8, therefore r = 4.
Hence, its surface area is 16 7r> =16 74° = 2567 units?.



