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2021 JC2 H2MA Preliminary Examination Paper 2 Solution
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(i) As n— oo, L—)0 and l—)0.
n-1 n
< 1
Thus
,2231’2—27/

& 1 3
Zz :Z

=37 =2r

is a convergent series.
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(iii) (r—l)2 =12 —2r+1>r%-2r

! < ! forr >2

(r—1)2 =2

Srr-2r 32-203)
3.1

4 3

5
=— (shown

> ( )

2 | Surface area of cylindrical piece = 7 y(2x)

=27xy
2
Surface area of 2 hemispherical pieces =4rx (%)

C = 2xxy(3k) + 7y* (5k)
=ky(6x+5y)

Since V =,
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dc_ 1k oo
dy y2
—lzzk:&rky O
y
y3:2 :>y=%/§
62 4 M6
When y=32, x=——"F5 = yzf
3
3(32) 3(34)
2
d—gz2473[k+67rk=247[k+67rk=187rk>0
dy y

3
S N16
Hence, C is minimum when y = J2 and x = 3

3(2) L 1-i)’
N T

=a’+1=2
—a=—3 (since a < 0)
Jarg(l-1) —[arg\/i + 2arg(—\/§+ i)}
Y LR Y Bl I
4 6 12

29n
Largz=———+21
12

S5m
=—— (shown
B ( )

(@) | For z" to have equal real and imaginary parts,

(i)

nargz=£+kn:> —Sn—n=n l+/’c , Where k e Z
4 12 4

_3+12k

5
For smallest integer n, let k =—4

. smallest integer n =9
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(b) | Method 1:

B e—2i9+ie—i9
2+ i(e“g - e*i‘g)
cos26 +sinf
Re =
@) 2—-2sinfd
3 1-2sin* @ +sind
2-2sin@
~ (1+ 2sin¢9)(1—sin6’)
~ 2(1-sind)
= %(1 +2sin@) (shown)
Method 2:
B e—iH
e’ —i

cos@ —isinf
cos@—i(1-sind)
_ cos@—isin@ [cos@+i(l-sind)
cos@—i(1-sin@)| cos@+i(1—sin8)

cos’ @ +sinf(1-sin6)
cos’ @+ (1-sin 0)2
cos’ @ +sin @ —sin” O

cos’ @ +1-2sin@ +sin’

1-2sin” @ +sind
2(1-sin0)

(1 + ZSinG)(l —sin@)

2(1-sin0)

Re(g) =

(1+2sin6) (shown)

N | —

4 | If / and p do not intersect, 2 conditions have to be satisfied.
@
Condition 1: / is parallel to p

Direction vector of / is perpendicular to normal vector of p

Bl)-

2+b-3=0
b=1
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Condition 2: point on / is not on p
Point on /does not satisfy plane equation

-1 1

a |- 1 |#11

4 -1

—-1+a-4=#11
a#16

(ii) | Since B lies on p,

-1 1
lpir=|-2|+s| 1 |,seR
4 -1
1
p:r- 1 |=11
-1

To find point B,

[F-L)

—1+s-2+5—-4+s5s=11
3s =18
s=6

a3 3]

Coordinates of B are (5,4,-2).

(iii) | Let A" be the reflected point of 4 in p.

@:@+@
2
5 -1} (11
0o4'=2|4 |-|-2|=|10
-2) 4 -8

Line of reflection of / in p:

11 2
r=|10|+A{ 1|, 1eR
-8 3

(iv) | Since Cison /,

(-1 2
OC:(—Z}J{IJ forsome 1 e R
4 3

= (H{HH
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6

\R’\ =164
J(6+24) +(=6+ ) +(6+34) =+/164

36—241+417 +36—12A+ A% +36+364+91° =164

144*-56=0
A=-2 orA=2

o< 2liH

)

Method |

. 5 -1 6

AB=| 4 |—| 2 |=| 6
2) L 4) (-6

|ﬂ3|= 3(6%) =108

) 108

sin XBCA = ———

V164

ABCA=54.2° (1d.p.)
Method 2

B and the 2 points of C form an isosceles triangle.
. XBCA = acute angle between BC and /

. (-6 2 -2
A=2=BC=|-6|+2|1 |=|-4
6 3 12

cos XBCA =

J164+22 +1% +32
28

NN

KBCA=542° (1d.p)

Method 3
Consider vectors BC & AC .

e B

12 ) (6

V16447 +27 +6°
56

V1644/56

cos XBCA=

oYlIC
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£BCA=542° (1dp.)

@

Method 1 (Direct Method)
Case 1: Students from Class A4 are grouped as 2,2,0

% 86;2'><_6C2 =1260

Number of ways =

Case 2: Students from Class 4 are grouped as 2,1,1
‘C,°C, % ’C, °C,
2!

Total number of ways = 4620

=3360

Number of ways =

Method 2 (Using complement)
Case 1: Students from Class A4 are grouped as 3,1,0

Number of ways = “C, *C, x 'C, =1120

Case 2: Students from Class 4 are grouped in 4,0,0
‘C,x°C,
20

Number of ways = 35

12c4 Sc4 4c4 ~
|

Number of ways = (1 120 + 35) =4620

(i)

No of ways = (6—1)! x°C, x 4!
=43200

®

P(4N B)
P(A|B):W

045 LUANB)

P(4NB)=0.27
P(ANBNC')=0.27-0.1=0.17

(i)

Since 4 and C are independent, 4 and C’ are independent,
P(ANC")=P(A4)xP(C")=0.5x(1-0.65)=0.175
P(AUC)=P(4)+P(C")-P(ANC)
=0.5+(1-0.65)-0.175
=0.675
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Let P(ANB'NC) bex.

A & B
C
P(4A'nB'NC")
=1—(0.23—x)—0.17—0.1—0.3—0.03—x—(0.25—x)
=x-0.08
Consider:

x—0.08>0 and 023—-x>0 and x>0 and 025-x=>0
x>0.08 and x<0.23 and x>0 and x<0.25

Therefore, 0.08 < x<0.23.

When x=0.08, P(4'nB'nC")=0.08—0.08 =0 (least)
When x=0.23, P(4'nB'nC")=0.23-0.08 = 0.15 (greatest)

Alternative
Least P(A'nB'NC") occurs when x is minimised:

Suppose x =0, then P(A UBU C) =0.6+0.23+0.25=1.08 which is impossible as
P(AUBUC)<]1.
GreatestP(AuBuC)=1 and least P(A'mB’mC')=0

Greatest P(A' "B’ C') occurs when x is maximised:
023—x=0

x=0.23

P(A'ﬁB'ﬂC') =1-0.23-0.02-0.6=0.15

Greatest P(A'mB'ﬁC') =0.15

7 432 1
| P(r=9)=P(3,3,3) = ox2xZ =
) | PE=D=POII =g =y
P(X =8)=P(3,3.2) = FxSx3x3=>
978" 7 7 14
POX = T)=P(3.3.1)+ P(3.2.2) = | 2x2x2x3 |+[ 23525322
9787 9787 777)77
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9

P(X:6)=P(3,2,1)+P(2,2,2):[i><§><z><3!j+(§xle):2
9 8 7 9 8 7) 84
P(X=5)=P(3,1,1)+P(2,2,1)=(ixgxlx3j+(zxgxgx3):i
9 8 7 9 8 7 42
P(X:4)=P(2,1,1)=3><E><l><3=L
9 8 7 28
OR
NOU!
PX =9)=5"2=—
¢ 21
‘C,xC 3
PX =8)=—3—F=—
G, 14
4 2 4 3
P(X =7) = Céx C1+ C19>< G, :g
G, G, 7
4 3 2 3
P(X = 6) = Clnglx C1+9C3:§
G, C, 84
4 2 3 2
P(X =5) = C19>< C2+ Céx Clzi
G, G, 42
2 3
P(X:4):%:L
G, 28
X 4 5 6 7 8 9
ptem| L | 5| B[ 2 [ 3]
28 42 84 7 14 21
@ | px s oddy= L+ 242212
21 7 42 42
19 19
EY)=|1-——|(-w)+—
) ( 42j( W) 42(W)
—O.8=—£w+£w
42 42
w=2_8.4
Var(Y) = E(Y?)-[EM)]
19 > (19 2 2
=/{1-—1|(-8.4) +| — |(8.4) |-(-0.8
H 42j( ) (42j( )}( :
=69.92
(iii) | Player wins $2w = wins 6 out of 10 rounds
Let R be the number of rounds that the player wins, out of 10 rounds.
R~B(10,E)
42
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P(R=6)=0.162 (3 s.f)
Alternative
6 4 '
Required probability = d 1- ) X 100
42 42 614!
=0.162 (3s.f)

8 | Let X denote the waiting time for vaccination in Polyclinics.
M | x- N(25,62)

P(X >30)=0.20233
P(X <30)=1-0.20233=0.79767

Required probability
=P(X >30)xP(X <30)x2!

=0.323 3 s.f)

(ii) | Let Y denote the waiting time for vaccination in Community Clubs.
¥ ~N(20,3%)

X—Y~N(25—2O,62+32)
© X =Y ~N(5,45)
P(X -Y|23)

=P(X-Y23)+P(X -Y <-3)
=0.61720+0.11652

~0.734 (3 s.f)
(iii) LetA:X1+---+X5+Y1+---+Y15
20
E(A):E(Xl+"'+X5+Yl+”'+Ylsj
20
=%E(Xl+--~+X5+Y1+-~-+Y15)
1
=—(5(25)+15(20
20(( ) +15(20))
=21.25
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X+ + X +Y1+---+Y15j

Var(A4) = Var
(= var T

2
=(2i0j Var(X)+--+ X5+ Y+ +15)

:(%) [Var(X1)+...+Var(X5)+Var(Yl)+...+Var(Y15)J
=$(5(62)+15(32))
=0.7875

- A~N(21.25,0.7875)

P(4<21)=0.389 (3 5.f.)

Required assumption:
The waiting times for vaccinations of the people in Polyclinics and Community Clubs are all
mutually independent with one another.

9 | An unbiased estimate of x is:
i
® X :§+3OO =300.72
50
An unbiased estimate of ¢ is:
2
¢ =—l612-3%
49 50
=11.961
=12.0 (3s.f)
(i) | Ho : w=300
Hi : x>300
) ) .. — 11.961 )
Under Ho, since n =50 is large, by Central Limit Theorem, X ~ N| 300, approximately.
o X -300 :
The test statistic s Z = —————~ N(0, 1) approximately.
J11 .96/ ©.D
J50
From GC, p-value = 0.0705 (3 s.f.)
Since the p-value = 0.0705 > 0.05, we do not reject Ho and conclude that there is insufficient
evidence at the 5% level that the mean number of calories is more than 300 (or the nutritionist’s
belief is correct or the mean number of calories has been understated).
(iii) | Since sample size is large, by Central Limit Theorem, the sample mean number of calories for a
packet of chocolate will be approximately normal.
(iv) | There is a probability of 0.05 that the test will show that the mean number of calories for a packet

of chocolate is more than 300, when it is in fact 300.
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)

s’ =ﬂ(10) =10.256
39

Ho : 4=300
Hi @ =300
10.256

Under Hy, since n =40 is large, by Central Limit Theorem, X~N [300, japproximately.

The test statistic is Z = _ X300 N(O, I) approximately.

My

J40
Critical Region: z < -2.1701 or z >2.1701

Given that Hy is rejected,
k—300 k—300

2 <_2.1701 or —m 2 >2.1701
\/10.25%_ \/10.25y
40

)

10.256
Va0

k<299 (3s.f) or k>301(3s.f)

k—300£—2.1701( J or k—30022.1701{

\/10.256J
740

10
®

Let X be the number of defective bottles, out of 30 bottles.
Then, X ~ B (30, 0.04)

P(accepting a batch of bottles)

= P(X1 = O)+P(X1 = I)P(X2 = 0)+P(X1 = 2)P(X2 < 1)
=0.54853

=0.549 (3s.f)

(i)

Required probability
= P(at most 2 defective bottles | batch is accepted)
 0.54853-P(X, =2)P(X, =1)

0.54853

~0.46701

0.54853
=0.851 (3 s.f)

(iii)

Exactly 20 fewer defective bottles than non-defective bottles
means X =5

P(X =5)=0.0052591
=0.00526 (3 s.f.)

(iv)

Let Y be the number of boxes, out of n, with exactly 20 fewer defective bottles than non-defective
bottles.

Y ~B(n, P(X=Y95))

ie. Y~ B(n, 0.0052591)

oYlIC
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P(Y >2) <0.05
1-P(Y <1) £0.05

From GC,
n 1-P(Y <)
67 0.0488
68 0.0501

Greatest possible value of n = 67

)

X~B (30,0.04)
E(X)=30(0.04)=1.2

Var(X) =30(0.04)(0.96) =1.152

Since sample size = 50 is large, by Central Limit Theorem,

X~N@L
50

1.152

X ~N(1.2,0.02304)
Required probability = P(X <1)=0.0938 (3 s.f.)

J approximately
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