1 (i) Show that

1

where A is a constant to be found. [1]

r(r+l) (r+l)(r+2)

_ A
r(r+1)(r+2) ’

1

1

r+2-r

r(r+1) (r+1)(r+2)

r(r+l)(r+2)
2
r(r+l)(r+2)

(ii) Hence find Z

r=1 7

1
(r+1)(r+2)

(There is no need to express your answer as a single algebraic

[3]

1

2 (n+l)(n+2)

(n+1)(n+2)}

1 1

4 2(n+1)(n+2)

(iii) Given a reason why the series Z

1
s r(r+1)( 2)

converges, and write down its value.

[2]

n

S T

r=1 T

As n—> o ,
Hence

Thus series Z

-
oy r(r+l)( +2

1

,Z:;‘r(r+l)(r+2) B

r(r+1)( r+2)

1

4
1

2(n+1)(n +2)

%
,lr r+l r+2) 4

1
4

1
2(n+1)(n+2)

—0.

1

converges.

)

Learn how to present your argument logically.
A lot of presentation errors are seen.
1

Wronglo say: As 1 ) (re2)

—————1is the term, not the sum.
r ( r+ 1)(r + 2)
Pay attention to the presentation. The following
are correct

! = lim y .
L) RS

1

)
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C 1
——————<——>— asn—o>®
;r(r+l)(r+2) 4

Since the question asks for the value, you must
state the value of sum to infinity. Thus it is

insufficient to stop at line 3 of the solution

< 1 1
Zr(r+1)(r+2)_>z

r=1

You must conclude and state that
zw: _L
- r r+l r+2) 4
. . . 1.2 dy .
(i) Given that y =sin (x ) , find ™ in terms of x. [1]
(sm’l xz) ( ) Remember chain rule
_ x4 dx
B 2x
1-x*
(ii) Evaluate ‘[23 In[tan’1 x] dx, giving your answer correct to 3 decimal places. [1]

[ in(tan x)dc=0.17022=0.170 (3 d.p.)

Use GC since only 1 mark is given and
question does not require exact value.

(iii) Given that k£ >0 and J.Ok x*sin™! (xz) dx =

k o
Jo Vl—x4

dx:

J.; ln[tan’1 x:| dx , show that

where a and b are constants to be determined. [4]

Iokxz sin” (xz) dx

3 k 3
= x—sin'l(xz) [ 2x dx
3 0 0 3 1_x4

oo, 2k X
=—sin k' —=| ——=dx
3 3.[0 -

4

3 2 r
= sin'k? ——j dx = 0.17022
3 0 1_x4
Hence
4 3
jk Y =3 in e — 017022
' V1-x* 213
=lk3 sin”' k? - 0.255
2
Alternative

ak*sin k* +b,
Let u =sin™! (xz) andQ =x’
dx
du 2x dv x*
—= and —=—
dx  J1—x 3

You should substitute in the 5
d.p. answers from (ii) so as to
avoid rounding off error if any.

Alternative




k 4
0 1—x4

J Al

= ?sin’1 (k2 ) —%Eln[‘[an’1 x:l dx

2x

{isinl (xz )T _jkixzsin1 (xz) dx
2 02

K 0
3
%sin"l (k2)—%(0.17022)

3

%sin’l (kz)—0.255

3
Let u - andﬁz
2 dx

1—x*

%:% and v=sin"' (xz)

(C))

Do not use a calculator in answering this question.
The equation z* +(=5+2i)z+(21-1i)=0 has a root z =

3+ic , where c is a real constant.

Find the value of ¢ and hence find the second root of the equation in Cartesian form, a +ib,

showing your working.

[5]

Since 3+1ic is aroot,

(3+ic) +(-5+2i)(3+ic)+(21-i)=0
(9+6ci—c*)+(~15+6i—5ci—2¢)+(21-1)=0
(15-2¢-c*)+i(c+5)=0

Comparing real and imaginary parts:
15-2c—c*=0and c+5=0
(¢=3)(c+5)=0and c+5=0

sc=-5or ¢c=3 and c=-5
Hence ¢=-5

Let z =k be the second root.
2 +(=5+2i)z+(21-1) =] z—(3-5i) [z K]
Comparing coefficients:
' 21-i=(3-5i)k
_21-i_3+5i
T 3-50 3+5i
_ 63+1051-3i+5
B 9+25
=2+43i
Hence the second root is 2 + 3i

X

Coefficients of the equation
2> +(=5+2i)z+(21-1)=0are not all real.

Hence, the conjugate 3 —ic is not a root.

¢ has to satisfy both equations. Hence ¢ = 3
is rejected.
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(b) The complex number z is such that 8z° +125=0.
. . .5
(i) Given that one possible value of z is — use a non-calculator method to find the

other possible values of z. Give your answers in the form a +ib, where a and b are
exact values. [3]

8z +125=0

. 5 .
Since z=— 5 ,then 2z +5 is a factor.

82° +125=(2z+5)( 42" + Bz +C)
= (22 +5)(4z2 + Bz + 25)

Comparing coefficient of z*:
0=2B+20

=B=-10

- (2z+5)(42° ~10z+25)=0

5 _10+,/100-4(4)(25)

N
I
|
|

]

=

N
|

2 8

10++/-300
8
10++/3001i

8
54531
4

By Fundamental Theorem of Algebra,

8z’ +125 = 0 has 3 roots.

To find all roots, we need to

1. Obtain the first root (in this case given by
question), then write down the equivalent
linear factor

2. The quadratic factor has to be found either
through long division or comparing of
coefficients.

3. Solve the quadratic equation
az’ +bz + ¢ =0 using quadratic formula i.e

L ENS —4(a)(c)

2a

GC CANNOT be used!

There are many different methods to solve
this question. Learn the most efficient
method.
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(ii) Write these values of z in modulus argument form and represent them on an Argand

[4]

diagram.
IENEN Sf
27 4
tana=\/§
T
S>a=—
3

, éelg and Ee_lg .
2 2

5 .
.. The three roots are z = Ee '
Or

z =§(cos7z+isin7r),

5 T .. T 5 T L. T
—| cos—+1isin— | and —| cos| —— |+ +isin| ——
2 3 3 2 3 3

Im
I\ 553
5 #(4 4
2/
° ATy :: > Re
_3 5
2 2N
) e 2,_ﬂ
4 4

All the values of z need to be represented
in one single Argand diagram.

You need to give the values of z in
modulus argument form.

has lines y = % +4 and y=- % +2 as asymptotes.

4 The diagram below shows the graph of y =f(—x+1) which has a minimum point at (-2,4) and

[Turn Over



(i) The diagram above shows a part of the curve with equation 4 -

values of a, b and k.

2 2
(ra) (D) | find the

[4]

y=£+4

e ()
---(2

Solving (1) and (2): x=-2, y=3

X
=——+2
4 2

Hence centre of the hyperbola is (-2, 3)
sa=-3and b=2

(-3 (2f
m k

Since (—2,4) is a vertex on the hyperbola,

3+4Jm =4

=>m=1
()c+2)2
k

(y—3):i(ﬁ](x+2)
1

Comparing gradient: =

(y-3)

Asymptotes: 1 =

Given (y+a)2 _(x+b)2 =1
m k

(1) Centre: (-b,—a)

(2) Vertices: (—b,—a+\/%)
and (—b,—a—ﬁ)

(3) Equations of asymptotes are

y:—aiJ%kx+m

[2]

replace x with —x

y=f(—x+1)—Rt 5y = f(x+1)
Reflect the curve in the y-axis.
replace x with x—1

y=f(x+1)—E s p = f(x)

Translate 1 unit in the positive x-direction

Note that asymptotes will also undergo the
same transformations as above. Hence need

to find the equations of the new
asymptotes.
E.g:

X -x —(x-1)
y—5+4—>y—7+4—>y——2 +4
ie y:_—x+2

2 2

which is a line with negative gradient
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Given that f(@)zt:m[%é’), show that f'(6) =%{1+[f(9)]2} :

f(@):tan(%ﬁj
(0)=3sec! 30

)

=%{1+[f(9)]2}

By repeated differentiation, find the Maclaurin series for f (9) , up to and including the term in &°.

[4]

d

f"(@)z%[Zf(@)fo(ﬁ)}
—£(0)£(0)

f’”(9)=f(&)x%f’(@ﬁf’(@)x%f(&)

= £(0)E"(0)+[£'(0)]

The Maclaurin series for f(8) is

f(&)=0+%(9)+0(Z—j]+%(z—z]+...

LTI
2 24

Remember chain rule.

Easier to carry out implicit differentiation.

Explain why a Maclaurin series for g(t9) =cot (% 9) cannot be found.

g(0)=cot(0)= is undefined.

1
tan(0)

So a Maclaurin series for g(6) cannot be found.

[Turn Over



The equation cot Z——@ 535
2 2 59

to obtain the approximate value of the root, correct to 4 decimal places.

- —0 0 has a positive root close to zero. Use the expansion above

[3]

535

o(___aj__e 0
2 59
:>tan[— j—iﬁ 0
2 59
Ll Ly 33,
2 24 59
R WSS W NEER PO
24 2 59

From the GC, #=0.1808 or —0.1808 or 0
For the positive root close to zero,
6=0.1808 (to 4 d.p)

Since we are prompted to use expansion in

previous part (which is expanded up to &%)
hence small angle approximation cannot be
used here.

Recall the following identity:

(T
SIn| ——X |=CO0SX
(2 ]
T .
COS| ——x |=sIinx
(2 j
T
S.cot| ——x |=tanx
2

6 (a) Sketch the graph of y= X+ . Give the equations of the asymptotes, the
(2x - 1)(x + 2)
coordinates of the point(s) where the curve crosses either axis and the coordinates of the two
stationary points. [4]
B x+3 When drawing graphs with asymptotes, we
r= (2x—1)(x+2) need to make sure that the graph tends
3 gradually to the asymptotes.
Intercepts: (—3,0) and (0,—Ej
Question asks for:
o B 1 (a) Equations of asymptotes
Asymptotes: y =0, x=-2 and x T (b) Coordinates of stationary points
y (c) Coordinates of axial intercepts
1 ! Hence (a), (b) and (c) must be clearly labelled
1 .
I : in our graph.
1
1 1
1 1
1 1
| 1
! I
(-3.0)/ |
1 T > X
(—4 87,—0.0607 )1 | 3
TN
1
(~1.13,-0.659) | ! 2
X I
1 1
' l
x=-2 x= l
2
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(3y-3) (4-2x)

=1, where a and b are positive constants.

(b) The curve C has equation ——+ bz
a
Given that C is a circle and the x-axis is a tangent to C, state the values of a and b. [2]

(3y- 3)2 (4-2 x)2 Recall circle property: tangent is

pe: + [ 1 perpendicular to radius
Yo (-2

2 2 -

a b X (2’1)
Given C is a circle with centre at (2,1). !
Since x-axis is a tangent to circle, radius = 1 i
Hence a=3, b=2 > x

Describe a sequence of transformations that transforms the graph of C to

)2 P
(v=3) [ (6=29
a b

2 2
(3y—23) +(4—3)6) _1
a b

1
Replace y with 3 y:

2 2
(-3 (-2
a b

1
Replace x with (x - Ej :

o~32(*4@‘gf_1

+ =

a’ b?
2 2
INEES YCEES
a b

Description:
(1) Stretch C parallel to y-axis by factor 3, with

x-axis invariant, then

..
(2) Translate resultant curve by ) units in the

positive x direction.

[Turn Over
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7 A curve is such that d—y=l— ! and P is a point that moves along the curve. The y-
X 24x+8
coordinate of P is decreasing at 0.3 units per second at (1,0) .
(i) Find the rate of decrease of the x-coordinate of P at (1,0). [2]
At (1,0), v 1 _1 :2, Y_ 03
dx 1 2J1+8 6 dr
de dr dy “y-coordinate of P is decreasing at 0.3 units
dt dy dt per second” means (cll_y =-0.3. Remember
t
6
=3" (-0.3) to include —ve sign.
=-0.36

*. rate of decrease of the x-coordinate at P is
0.36 units per second.

(ii) Find the equation of the curve, leaving your answer in the form y =f(x) . [3]
_1__1
dr x 24x+8
Lt 1
X 24x+8 j—dx:1n|x|+C . You cannot drop the
X

=ln|x|—\/x+8 +c

(1, 0) is a point on the curve
=0=In1-3+c¢

=c=3

.'.y:1n|x|—\/x+8 +3

modulus sign.

Since (1, 0) is on the curve, it satisfies the
equation of curve, You can use it to find C.

Mr Tan owns a company that manufactures and sells chipsets for smartphones. He models the
average profit from one chipset, $y, y >0, when the selling price of each chipset is $x, with the

equation y =f(x) .

(iii) Find algebraically, the selling price of each chipset which gives the maximum average profit.

[3]

dy 1 1

= :0
dx x 2x+8

2\Vx+8—x
=>——=0

2xx+8
= 2Ux+8=x
=4x+32=x"
=x*—4x-32=0
:>(x+4)(x—8):0

e (*)

~.x=8, —4 (reject since selling price is positive)

You are expected to solve this question
“algebraically”. You should either
quadratic

use factorisation or




8

11

dy 1 1

dc x 2Jx+8

’ 1 1
dy R S

d* X 4(x+8)%
2

When x = 8, d—f:—o.om (or ——)<0
dx 256

.. Selling price which gives maximum profit = $8.

formula to solve for x. You should
reject x = -4.

OR
X 7.99 8 |8.01
dy 1.1736x10™ | 0 | —1.1701x10™*
dx
n When choosing 2 values to do 1%
Sign of e ) derivative test, you must choose
values which are close to 8. 7 and 9

.. Selling price which gives maximum profit = $8.

are not considered close.

(iv) Sketch the graph showing the average profit from one chipset as the selling price of each chip
set varies. State a suitable range of values that Mr Tan should set for the selling price of a chipset.

(2]
y A (8, 1.08)
» X
(1,0) (34.96, 0)
1< x<34.96

Note that y > 0. Do not include negative y
portion in your sketch. You should label
the maximum point (found in part (iii))
and the endpoints.

Coordinates of these points can be found using
GC. y value should be given in 2 decimal
places.

2x2 +5 A B
= +

(i) Show that (x2 +1)2 =7 (x2 +1)

-, where 4 and B are constants to be determined. [1]

2x2+5: A N B
()cz+1)2 X+l ()cz+1)2

2x2+5=A(x2+1)+B

Comparing coefficients
A=2 and B=3

Bl: 4=2, B=3

[Turn Over
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(ii) Using the substitution x = tanu , show that ;2 dx =— +btan”' x+C, where a
(x2 +1) x +1
and b are constants to be found. [5]
dx >
x=tanu —-—=sec u
u
J’;2 dx=J;2 sec’u du
(x2 +1) (tan2u+l)
1
= du
fseczu
:Icoszudu
=fcos2u+1 du
2
:l(stu +uj+C
2
1. 1 X o
=—sinucosu+—u+C Since tany =~ =P
2 2 adj
1( i J[ ! j+1tan1x+C
== o 1 = d =
2 \/x2 +1 \/xz +1 2 sinu x2 +1 an CcoSsu x2 +1
SN NS DUNS P
2(x +1)
2
(iif) Hence, find | 2577343 g [4]
(xz +1)
2
2x +7x—2k5 d
(x2 +1)
(” 2
_ 2x°+5 de b Tx dr
(xz +1)2 (x2 +l)2
Y Use standard form:
_ fl n 1 n+l
= 22 +;2 dx+ZI2x(x2+1) ? dx J.f (x)[f(x)] dx = 1 f(x)] +C
X +1 (xz +1) 2 n

o

B 0 X l G 7
=2tan x+3[—2(x2+1)+2tan xJ —2(x2+1)+C
3x-7
2(x* +1)

-1

=Ztan X+ +C
2




9 A curve C has parametric equations

1
x=—-+t |,

13

1

=——t, where ¢ # 0.
t 7 t
: 1 1 o 2 -
(i) Show that the gradient of the normal to the curve at P[—+ p,—— pj is given by P 5 i .
p p p +
(2]
1 1
x=—-+t , y=——t
t t
de 1 -1
dt £
dy_ 11
dt £ £
2 2 2
Qz t 2 1>< zt ! +21 This is a “show” question. You
& : eob e are expected to show
Hence at P(l+ D, 1 pj, t=p working clearly.
V4 p
. 1 -1
Gradient of normal =-—; _P .
p +1 p +1
1-p°

(ii) Given that p =

1
\/5 s

determine the acute angle between the normal and the line y =x+3.

(3]
1 11
When p=—, gradient of normal = 3
V3 —+1
3

normal

1
a=tan"' —
2

=26.565°

Thus, acute angle between the 2 lines is
45°426.565°=71.6° (dp)

1

Note you are required to give
the acute angle between
the 2 lines.

[Turn Over
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(iii) Point O on C has parameter g. Show that the gradient of PQ is i+ Pq [2]
- Pq
X = ! +1 1
p > y=
P(_ +p,—— p\J
1
Q —+ q’ —dq
q q
Gradient of PQ
1 1 1 1
=|—-p-——+q || —+p-———¢q
p q p q
—p’d—p+ pa?
_4-P4"PTPY 5 P4 > This is a “show” question. You
P4 a+pPq-prP-rq are expected to show
_ (9—p)+pa(q-p) working clearly.
(a-r)-ra(qa-p)
1+ pg
1-pq
(iv) The normal at P cuts the curve again at point R with parameter 7. Show that r = — % [3]

p

The normal at P cuts the curve again at point R,
Hence gradient of normal at P = gradient of PR

p2—1_1+pr
pr+1 1-pr

(p2 —1)(1—pr):(p2 +1)(1+pr)

pz—l—p3r+pr:p2+1+p3r+pr
2pr=-2

r=——

p

1
Note that p #—= here.

3

10 Crypto currency Miners are rewarded certain amounts of the currency at varying time intervals
when they carry out validation tasks of transactions using their personal computers.

A crypto currency, Shockcoin (SHC), has a reward payment schedule such that the first reward
payout is 20 days after a Miner commences mining and the second reward payout is 28 days after
the first. The duration of each subsequent payout is 8 days more than the duration between the two
preceding payouts. For example, if the duration between the last and current payout is 100 days,
then it would take 108 days to the next reward payout. Albert plans to commence mining on 1

January 2022.
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(i) After receiving his first reward payout on 21 January 2022, on what day and month will he
receive his second reward payout? [1]

‘ 18 February 2022 There are 31 days in the month of January. ‘

(ii) Show that from the start of mining, the number of days Albert takes to receive his n" reward

payout is given by 4n° +16n . [2]

Number of days to #™ payout

— g[z(zo)Jr(n_l)(g)] =4n’ +16n

[You may assume that there are 365 days in a year]

(iii) Find the number of reward payouts Albert have received as at 31 December 2023. [2]
4n* +16n =730 From 1 January 2022 (i.e. start of mining) to 31
n=-15.66 (reject) or n=11.66 December 2023 is 365x2 =730 days.

Albert would have received 11 reward payouts
by 31 December 2023.

The rewards for Miners are paid in Shockcoin (SHC).

The first reward for a Miner is SHC 120 000. For all subsequent reward payouts, the reward amount is
85% of the previous payout.
[Give non-exact numerical answers correct to 2 decimal places.]

(iv) Find the amount, in SHC Albert is expected to receive in his last payout in 2023. 2]

Reward for last payment in 2023
= (120000)(0.8 510) Give non-exact numerical answers correct to 2
decimal places.

=23624.93

(v) Write an expression for the total amount, in SHC, Albert would have received after the ™
reward payout. (2]

Total reward received after the n™

~120000(1-0.85")
1-0.85
=800000(1 - 0.85")

payout

It is estimated that it would cost Albert 25 SHC per day for the electricity to keep the computer on to
mine SHC.
(vi) Show that the total net gain for Albert immediately after receiving n reward payouts is given

by a(8000(1 -0.85" ) —bn* - cn) where a, b and ¢ are constants to be found. [2]

[Turn Over
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Total net gain after receiving n reward payout
=800000(1-0.85")—25(4n” +16n)

= 100(8000(1 ~0.85")—n" - 4n)

(v) In order to maximise his total net gain, Albert should stop mining after the kth payout. Find

the value of k and the maximum total net gain.

(2]

n 100(8000(1—0.85")—;12 —4n)
20 720992.38
21 721143.52
22 720396.99

Quit mining after collecting the 21 reward
payout so as maximise his total net gain.

max net gain = SHC 721143.52

Give non-exact numerical answers correct to
2 decimal places.

(i) The complex number w can be expressed as e .

(a) Find w" + Ln and w" — Lﬂ in simplified trigonometric form.
w w

+ e—im9

einG

=cosn@ +isinnd + cos(—nb) +isin(-nb)
=cosnf +isinnl + cosnd —isin nd
=2cosnb

1 eim9 —inf

—€C

= cosnd +isinnd —cos(—nf) —isin(-nb)

=cosnf +isinn@ — cosnd +isin nl

=2isinn@
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3
(b) By considering the binomial expansion of |:(W + lj(w - lﬂ and the results from part (a),
w w

show that sin’ fcos’ @ = isin 260 — Lsin 60. [4]
32 32

2
w

()3
w+— || w—— 1Y
w w It is easier to expand (wz ——J than

w w
=2isin 60 — 6isin 260

KWLJ(W_lﬁ ~[(2c0s0)(2isin6) |

=w’ —%—3(w2 —sz

w w
=—64isin’ @cos’ 0
. 2isin 60 — 6isin 26 = —64isin’ @ cos’ 0
=sin’ Ocos’ O = 2i sin 60 — 6 sin26
—64i —64i

— sin’ Gcos’ 0 = —-sin 20 — \—sin 60 (shown)
32 32

(ii) Hence find the first two non-zero terms of the Maclaurin series for sin’ @cos’ 6. [2]
sin’® @cos’ @ It is much more efficient to use
3 1. standard series of siné
BEV R 26- Ev 66 than maclaurin  series
formula with repeated
20 (20) 60)" (66)
=i 2(9—u u+ _ L 69—u+( ) +... differentiation.
32 3! 5! 32 3! 5!

Ly 2Ly Blg
8 8 40 40

=0 -20" +...
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