2021 H2 MATH (9758/01) JC 2 PRELIMINARY EXAMINATION — SOLUTION

Qn Solution

1 Equations and Inequalities

y= a(2x+1)2 +bx +ce™
Differentiate wrt x,

%zZa(2x+l)2+b+2cezx o (%)

Sub (1,17-¢”) into C
9a+b+ce’=17-¢
Sub (0,1) into C
a+0b+c=1...(2)
Sub (0,1) and gradient 5into (*)
da+b+2c=5...(3)

Using GC, a=2,b=-1,c=-1

Equation of C'is y = 2(2x+1)2 —x—e>
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Qn Solution

2 | Graphing Techniques

y:1n|x—a|

X=da

To find intersection between the 2 graphs,

h{ 4 J=ln(x—a) (since x> a)

X—a

(x—a)2 =4

x=a+2 or x=a-2 (rej. " x>a)

ln( 4 jzln|x—a|
x—a

La<x<a+2
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Solution

Definite Integral

(i)

2

Volume generated = ﬁj
0

4

2

=2y (ljdx

= %n units® or 2.93 units® (3 sf)
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Qn

Solution

Complex Numbers

@

Since the polynomial P(z) has real coefficients and re'’ is a root of
P(z)=0 = re™ isalsoaroot.

Thus, a second root for P(z) =01s re.

A quadratic factor for P( z) is
(z—reig)(z—re’ig)
=z —re’z—rez+r’e%e™
=z’ —rz(eie + e"i‘g)+ P’
2 . . . . 2
=z’ —rz(cos@+isinO@+cos@—isinO)+r
=z’ —VZ(ZCOSH)-%—I"Z

=z"—(2rcos@)z+r’>  (shown)

(i)

iz
Since the polynomial P(z) has real coefficients, Ve © and

Y
J2¢ 4 are the other 2 roots.
From (i), the quadratic factor of P (Z) is z* —(2r cos 6’)2 +r

The solutions /3¢ ¢ and 3¢ © give the quadratic factor

z2 —2(«/§)[cos%)z+3:zz —3z+3

The solutions +/2¢ * and ~/2e * give the quadratic factor
z° —Z(ﬁ)(cosgszrZ =2 -22+42

Thus,
P(z) :(z2 —3Z+3)(22 —22+2)

=z' 24222322 +62—62+3z-62+6

=z 52 +1122 =12z +6

Therefore, a=-5,b=11,c=-12,d =6
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Solution

Functions

For f'to be continuous,

x= (x2+kx+3)+3 at x=3

3=/(3° +k(3)+3)+3
1243k =0
k =—4 (shown)

(i)

YA

(5.3+242)

(2-2)

v

The line y =a,a € R cuts the graph of f at most once. Hence f'is a one-
one function and thus the inverse of f exists.

(iii)

Let y= (x2 +kx+3)+3

Since 3<x <5,

x=2+4(y-3)+1  OR

X,

£ (x)=
() {2+\/x2—6x+10,

x=2+4y"=6y+10

for —2<x<3,

for 3 < x <3+ 242.

(iv)

{xeR:—2<x£3}

TMIJC/2021 JC2 Preliminary Examination/H2 Math (9758/01)/Math Dept

Page 5 of 16




Qn Solution

6 Differentiation Tangents and Normals

D | X-9x+y' =0 -mmmm- (1)
Differentiate wrt x,

dy 2dy
3x2-9| y+x—= |+3 =0
(y dxj y
dy » dy
3x2 -9y —9x—+3 =0
y-Ox g 3y
dy dy )
332 = —9x— =9y —3x
V4 Fked

d_)/_9)/—3)€2_3))/—)c2
dx 3y"-9x y°-3x

_(A)\2
At (4,2), gradient of tangent is 32)-(4) _

>
(2 -34) 4

Equation of tangentis y—2= %(x —4)

5
=—x-3
.
(ii) | Tangent parallel to the y-axis,
-3x=0
2
2
3

Substitute into equation (1),

NG
2 ol |1y =0

y6
27

(Y 5L
(52

y=0 or y=3/54=32
(Reject) x= (3[ ) —3(23

——-3y°+3y°=0

Point is (3 (2§ ), 3 (2;)J
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Qn Solution

7 Arithmetic and Geometric Series

(i) Let b be the first term of the arithmetic progression.
a=b+d - (1)

ar’ =b+2d —(2)
ar’ =b+4d —(3)

From equations (1), (2) and (3),

7 2
art—a=""2 (=4q)

2P =2=r"—¢*
' =3r'+2=0

(ii) | Using GC,
r=1 or r=093725 or r=-0.77986 (5 d.p.)
(rejected since d is non-zero)

Since |r| <1, sum to infinity of geometric progression exists.

(iii) | The first even-numbered term of the A.P.is a =12.
d =ar’ —a=12(0.93725" ~1) =12(-0.12156) = —1.4587

|E-S,|<1000
‘ [2a+ (n-1)(2d ]——<1000

n 12
—2(12 -1)(-2.9174) | -————— [ <1000
2[ ( )+(n )( )] 1-0.93725 <

‘%[24+(n—1)(—2.9174)]—191.23 <1000

Using GC,
When n =28, LHS =958 <1000
When n =29, LHS =1028 > 1000

Hence largest value of n = 28.
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Qn Solution

8 Complex Numbers

D | 2 -8=(z-2)( +22+4)=0
z=2 or z=¥=—1iiﬁ
For z=-1+i\/3,

1= (-1) +(+3) =2

LB 2
arg(z) = —tan [T}—Eﬂ'

For z = —l—i\/g,
arg(z)=-+tan”' (#J __2,

3

27 ( 271)
. i 1| ——
z=2¢" or 2¢ 3 or 2" °?

(i) 26—64:(23—8)(z3+8)=0 — =8 or 22=-8

For z° =8, we replace z by —z in z’ =8 and we have

2r

27
i0 iy ‘[‘T]
or —2e° or —2e
Sr V4

. i— i—
=2e” or 2¢ 3 or 2?3

z=-2e

. T V4
. ,(,,) i
=2¢” or 2e" * or 2e3
. . . . _ ”
(Since —re'’ =—1xre = xrel’ = re'l”™)
Therefore the six roots are
27

27
31 2D 2 2 or 2% on 20
z=2e' 3/ or 2e' ) or 2¢° or 2e3 or 2¢ 3 or 2e”

(i) f (W) =2" 2" 2"+ 22w T 2w+ w!

Al

W
2
2
211+1 (1_(w) ]
2 n
- =2 = (Kj ~1
- 2
2
Pk (1 - Wj(l + Wj
~ 2 2
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(iv)

The roots of z" =2" lie on a circle of radius 2 centred about the origin
since |z| =2.

Therefore, for any root w, 2’1—? =1 +% will lie on a circle of radius 1,

centred about (1,0). Hence the cartesian equation of C is

(x—l)ery2 =1.
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Qn Solution

9 Vectors

) 2 1 1
AB=0B-04=|-1|-|-2|=|1
3 3 0
1 4 -1
Normal vector of plane 7, : | 1 |x| 0 |=| 1 |=—| -1
0) \-1 —4
1 1 1
Equation of plane 7,: re| =1 |=| -2 |o| =1 |=15
4 3 4
. cartesian equation of plane 7, is x—y+4z =15 (shown).
(i) 1 4
Equation of line/, r=| -2 |+4| 0 | ,AeR
3 -1
1+44
SinceFisonl,O—F: -2 | forsome A eR.
3-1
1+44 2 —-1+44
BF=0OF-OB=| -2 |-|-1]|=| -l
3-1 3 -1
Since BF 11, BF+d=0
—1+41\( 4
-1 |4 0 |=0
-1 -1
—4+16A+4=0
1=
17
1+4(ij
17
LOF=| =2

2

( j
1;

*. coordinates of F =| —, -2, —
17 17
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40 .3
=— units
51

Alternative method

Note that triangle ABF is a right angle triangle.

1
AB=|1
0

(iii) 8Y) (1
AC=0C-04=| 1 |-|-2|=| 3
-3 3 -6
7 1
3 e —1
) -6)\ 4
Shortest distance from C to 7, = -
\/12+(—1) +4°
——Ounits or units
J18
) 33 16
17 1 17
AF =0OF -0OA=| 2 |-| 2 |=| O
a3 4
17 17
Area of triangle ABF' = %|E X ﬁ|
16
0|17
=l 1|x| O
2
0) 1_4
17
5 1 4
=—1| 1]|x| O
17
0 -1
5 -1
=—1| 1
17
-4
=£«/(—1)2+12+42
17
V18 .,
= units
17
Volume of CABF =§x¥x¥
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SR CRCIR

L84
2 N17 V17
218
17
Volume of CABF =lx@xM
3 17 3
40 . 5
=— units
51
™) 1 1 |
5
Equation of plane 7,: re —-1|=15 = re- -1 |=—7=
1 V18 N

4 4
.. Equation of plane 7, :

1
1 15 20

r'ﬁ —41 =E+? (from (iii), —% would contain C
3
i
1
7y re —=1|=35
4

)
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Qn Solution

10 Differential Equations

—=——hx, wherem,h>0
dt  x

When x=2,%=0.
dt

2 _oh=0
2
m=4h
%:ﬁ—hx
dt  x
=ﬁ—hx
X
B 4-x°
X
_ 2
=k(4 al J, where k = h
X
(ii) X
%:k(4 xj
dt X

f4jcx2dxszdt

1 —-2x
—— dx= |k dr
2]4—x2 I

—%ln‘4—x2‘ =kt+c, whereceR

ln‘4—x2‘:—2kt—2c

A—x*=Ae™, A=+

x=v4—-Ae?", sincex>0

When t=0,x=1.

I1=v4- 40 = 4=3
Sx=+/4-3e7M

The number of Kawaii otters increases and tend towards 2000.
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(iii) dx 10 ( 1 j
—=——In|1+—¢
dt 4+¢ 4

jl dx=Jl—Oln(1+ltj dt
4+1 4

j1dx=1o Lln(nlt dt
) 4+t 4
(1
jldleo 4 1n(1+lt]dz
1 4
1+—¢
J 4

2
x= 5(1n(1+%tn +D, whereDeR

(iv) | Ben’s model might not be appropriate as his model suggests that the

population of Kawaii otters tends towards infinity in the long run,
which is not likely to happen due to space constraints and limited
resources in Otterland.
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Qn

Solution

11

Definite Integral

y

Vo e

0,5

[0) X

(i)

[sin® ¢(1-cos2¢) dr
:%J(l—cos%)z dr
:%J1—20052t+cosz 2t dt
:%Jl—2cos2t+%(l+cos4t) ds

=l 2t—sin2t+lsin4t +C, CeR
2\ 2 8

(iii)

x=2¢t—sin2¢
dx

—=2-2co0s2t
dt

2r
Area = IO ydx
- J'O”(5+2sin2 t)(2—200$ 2t) de

= 2!0”5—50052t+ 2sin’ t(l—cosZt) dt
= Z[St —isin 2t +§t —sin 2t +lsin 4tT (from part (ii))
2 2 8 0

=137 m?

Alternative method
Area=5x27+ [ y-5dx

=107+ JOH(Z sin’ t)(2 —2cos 2t) dt
=107 + 2{%1 —sin 2¢ +ésin 4t} (from part (ii))

0

=137 m?
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(iv) y=5+2sint

d—y=4sintcost=2sin2t
dt

4 2 2
Surface area = - v (gj + (d_yj dt
4 dt dt

0

- %J:(S +2sin’ t)\/(2—2cos 2t)2 +(2sin 21‘)2 dt

Note that
\/(2—2cos 21‘)2 +(2sin 2t)2 = 24/1-2c08 2t + cos’ 2t +sin’ 2t
=232 -2cos 2t
=2,/2-2(1-2sin’¢)
=44/sin’t
=4sins  (since sinz>0 for 0<7<7)

Surface area = 7Z'J‘0” (5 +2sin? t) sin¢ d¢
= 7IJ.0”(7 —2cos’ t)sint dz

= ﬂjoﬁ 7sint —2sintcos’ ¢ dt

T

2
= 7{—7 cost +§cos3 t}

)

38

=—7 m2

0

TMJC/2021 JC2 Preliminary Examination/H2 Math (9758/01)/Math Dept Page 16 of 16



