2021 TJC Prelim Paper 2 Suggested Solutions
Section A: Pure Mathematics [40 marks]

1  The functions f and g are defined by
f:xn—>2—(x—2)2 for x<0,xeR,
4 for x=3,xeR
and g: X
x+1 for x<3,xeR
(i) Define £ in a similar form. [3]
(if) Explain why g does not have an inverse. [2]
(iii) Find the range of values of o such that fg(a) exists. [2]
) JLety=f(x)=2-(x-2) , x<0

Then (x-2)°=2-y

= X=2+42-y or

(rejectsince x<0)

= fi(x)=2-v2-x

X =
y
I//{ ; x
(0,-2)  y—f(x
Df’l = Rf =(—OO,2] / y ( )

Thus f* :x—>2-+2-x for x<-2, xeR

22y




(i)

4 for x>3, xeR
g: X
x+1 for x<3, xeR

The line y =4 cuts the graph of y = g(z)‘}) at (3,4)

infinitely many points.
= gisnotal-1 function
= g does not have an inverse

Alternative solution
9(3)=4=9(5)
= gisnotal-1 function

= g does not have an inverse

/|

SV =g(x)

/

» x

(iii)

(iv)  fg(a) not exist
= g(a)eD; =(-»,0]
= g(x)<0

= a+1<0
La<-1




Itis given that f(r) :1' where r is a positive integer.
r!

(i) Showthat f(r)—f(r+1)= [1]

(r+1)r

(i)  The sum of the first n terms of the series %+%+%+--- isgiven by S,. Find

S, and explain why the series converges. [4]

(iii) By considering (ii) and using the standard series from the List of Formulae

(MF26), find the exact value of 3 r:_'z [4]
(i) f(r)—f(r+1)
11
Sl (r+1)
(r+)-1
o (r+1)r (r42)!
(i Sn=i+£+i+---tonterms=l+£+i+--- n
21 31 41 21731 41 (n+1)!
_rz_;(wl)!
- 3(1(r)-1(r+1)
r=1
f(1) - (2
+ f(2) - f(3)
+ f(3) - f(4)
+ e
+ f(n-1) - f(n)
+ f(n) - f(n+1)
= f(1) - f(n+1)
1
BRG]




As n — oo, —0..5, -1

(n+1)!
Therefore, the series converges. [B1]

(i)

) N g2 replace r by (r+1) r+l=n r+3
Consider > —= = [B1]
r=2 ri r+1=2 (I’ +1)!
r=n-1 n
r+3 r 1 1 1
= +3| =+—++—
; (r+1)! rz_;(r+1)! (2! 3! (n)!J
F+2 i Lr+2
r=2 rt =% =2 rt

:1+3(1+1+i+1+---—(1+l)j
1 21 3l 1

=1+3(e-2)=3e-5




(@) Inthe triangle ABC, AC =BC =1 and angle ACB =(%n+9j radians. Given

that @ is sufficiently small angle, show that
AB ~ /2 + £9 —£ [5]
(b) Letf(x)=In(2—x).
(i)  Write down the first three non-zero terms of the Maclaurin series for f(x),

where —2<x<2. [3]
Denote the answer to part (i) by g(x) .

(if)  Find the range of values of x for which the percentage error between the

value of g(x) and the value of f(x) is within 10%. [2]
(@) | Using cosine rule, AB? = AC?+BC?-2(AC)(BC)cos ACB
=1+1—2(1)(1)cose7z+9j
=2-2 COS(lﬂ'jCOSQ—Sin(lﬂ'jSine
2 2
=2+2sin0
1
When @ is sufficiently small, AB = (2+26)2
1
=/2(1+6)?
Ly, 303 g
=2|1+=0+2 220" +...
|50+ 2530
1 1
~N2|1+=0-=07
Auio-3¢)
(b) f(x)=In(2-x)
() 1
:In2+|n[1——xj
2
~In2—1x—lx2—ix3
2 8 24
(b) 1 1 1
(“) g(X)=|n2—§X—§X2—£X3
90— . 1 009%| < 10%
f(x)
= —0.1<M<0.1
f(x)

Using GC(graphically), —1.73 < x <0.738 (correct to 3 s.f.)




Relative to the origin O, the position vectors A and B are a and b respectively, where
a and b are non-parallel vectors. The point C is the mid-point of OA and the point D
is on the line segment AB produced such that AD = 3AB. The line CD meets OB at a
point E.

(i)  Find the position vector of E in terms of b. [4]
(i)  The point F divides the line segment OD in the ratio 1:2. Show that A, E and
F are collinear, and find AE: AF. [4]

. . . . .5
Given that the vector a is a unit vector perpendicular to a + 2b and angle AOB is Fﬂ

1

iii) Show that |b|=—=. 2
(i) bl=7 [2]
(iv) Find the exact area of triangle ACE [4]

oc=1a
2

CD=CA+AD

1
=—a+3(b-a

a+3(b-a)
=—§a+3b

2
OE = Ab
. . 1 5

Equation of line CD: r :Ea+u(—5a+3b]

. . . 1 5
Since E lies on line CD, ib :Ea+y(—5a+3bj

Since a and b are non-parallel vectors,

Equating: OZ%—qu:}Iu:%
A=3 :>/1—§
H 5

Hence OE = gb




(ii) OD =0A+AD
=a+3(b-a)
=-2a+3b

o_F’=lo—D=3(—2a+3b)
3 3
E:(ﬁ—@\:gb—a

ﬁ:O—F—O—A:%(—ZaJer)—a

:b_Ea
3
:§(§b_a):§ﬁ
3\5 3
Hence A, E, F are collinear.
AE: AF =3:5
iii
(i ab= |a||b|cos—:—§|b|
a-(a+2b)=0
|a|2+2a-b:0
1+2(—£]|b|:
2
|b|:i (shown)
J3

)1 Areaof triange ACE = %‘FG x ﬁ‘

:l—lax(Eb—a)
2| 2 5

:i|_axb|

|a||b|s.n5_”
6

2515w




5  Forthe events A, B and C it is given that, P(A)=p, P(B)=0.4, P(AnC)=0.2
and P(AnBNC)=P(A'nB'nC")=0.

It is also given that events A and B are independent, find the range of values of
P(ANB). [5]

Since A and B are independent events, we have
P(AnB)=P(A)-P(B)=0.4p

w0<p<1=0<04p<04

Also, p>0.2+04p=0.6p>0.2
pst
-3

1 2
04p=>—(04)=—
= oAp 3( ) 15

3SP(AmB)sg
15 5

Since A and B are independent events, we have

P(AnB)=P(A)-P(B)=0.4p
Maximum P(AnB)occurs when p=1
Therefore maximum P(AnB)=0.4

Minimum P(AnB)occurs when p-0.4p=0.2= p:%

Therefore minimum P(ANB) = 0.4(%) :%

Let P(ANB) =x
The Venn diagram is as follow:




Since A and B are independent events, we have
P(AnB)=P(A)-P(B)
= x=(p)(0.4)=04p
= p=2.5X
From Venn Diagram, we have
0<04-x<1and 0<0.6-p+x<land0<x<land 0<p-x-0.2<1
= -0.6<x<04and 0<0.6—25x+x<1
and 0<x<land 0<25x—-x-0.2<1

:>—§£x£g and —is xsg and 0<x<1and is XSE
5 5 15 5 15

15

2 2
= —<X<—
1 5




It is generally accepted that a person’s diet and cardiorespiratory fitness affects his
cholesterol levels. The results of a study on the relationship between the cholesterol
levels, C mmol/L, and cardiorespiratory fitness, F, measured in suitable units, on 8
individuals with similar diets are given in the following table.

Sr?irt‘:;ore"“p"atoryFit”ess (F 550|507 | 453 | 402 | 347 | 31.9 | 279 | 260

Cholesterol (C mmol/L) 470 | 498 | 530 | 5.64 | 6.04 | 6.30 | 6.99 | 6.79

(i) Draw a scatter diagram of these data. Suppose that the relationship between F
and C is modelled by an equation of the form InC = aF +b, where aand b are
constants. Use your diagram to explain whether a is positive or negative. [3]

(if)  Find the product moment correlation coefficient between In C and F, and the
constants a and b for the model in part (i). [3]

(iii) Bronzisa fitness instructor. His cardiorespiratory fitness is 52.0 units. Estimate
Bronz’s cholesterol level using the model in (i) and the values of a and b in part

(if). Comment on the reliability of the estimate. [2]
(i) Cholesterol, C
A
6.99 F----- B
P
o
o}
o
o}
o
4.70 -
i Cardiorespiratory
" fitness F
26.0 55.0

InC=aF+b — C=e*"™

From the scatter diagram, as F increases, C decreases at a decreasing rate, hence

a<0.
(if) | Product moment correlation r =-0.992 (3 sf)

Model is INnC =-0.013371 F +2.2772 (5 sf)

INC=-0.0134 F +2.28 (3 sf)

(iif) | InC =-0.013371(52.0)+2.2772

C = l581908 _ 4 g6
Estimate of Bronz’s cholesterol level is 4.86 mmol/L

Since r =-0.992 is close to —1 and Bronz’s cardiorespiratory fitness level, F =
52.0 lies within the data range of (26.0,55.0), the estimate is reliable.




A manufacturer claims that the mean lifetime of the Alpha light bulbs he produces is
at least 1200 hours. A random sample of 80 Alpha light bulbs is taken and the mean
lifetime is found to be 1198.6 hours.
Assuming that the lifetime, T hours, of the Alpha light bulbs is normally distributed
with variance 35 hours® , test the manufacturer’s claim at the 2.5% level of
significance. You should state your hypotheses and define any symbols that you use.
[4]
It is given that the mean lifetime of the Alpha light bulbs is 1200 hours. The
manufacturer produces a new type of light bulbs known as Beta light bulbs. He claims
a Beta light bulb has twice the mean lifetime of an Alpha light bulb. A random
sample of 50 Beta light bulbs is taken, where the mean and standard deviation of the
lifetime of this sample are k hours and 9.8 hours respectively. A test at the 5%
significance level indicates that the manufacturer’s claim is not valid for this sample
of Beta light bulbs. Find the range of values of k, giving your answer correct to 2
decimal places. [5]

Let T be the lifetime of a randomly chosen Alpha light bulb in hours and u be
the population mean lifetime.

H,:x=1200
H, :u <1200
Level of significance: 2.5%
Under H,, T ~ N(1200,§)
80
and test statistics Z = 1200 _ N(0,1).
Fao
80
Using GC with t =1198.6, p-value=0.0171 [B1]

Since p-value <0.025, we reject H; .

There is sufficient evidence at the 2.5% level of significance to conclude the
mean lifetime of the Alpha light bulbs is less than 1200 hours, i.e. that the
manufacturer’s claim is not valid.

Let X be the lifetime of a randomly chosen Beta light bulb in hours.
Unbiased estimate of the population variance, s* = 2—8(9.82) =98
H,:u=2400

H, :u #2400
Level of significance: 5%




Under H,, since n =50 is large, by Central Limit Theorem, X ~ N(Z400,%)

X —2400

5o

approximately and test statistics Z = ~ N(0,1) approximately.

~ k—-1200

anl - 98
*%0
For manufacturer’s claim to be not valid at the 5% level of significance, z, is

within the critical region, i.e.

k—2400£_1.9599 or k —1200

98 98
%50 V%50
Considering 2-tailed critical region
k <2397.26 or k>2402.74

>1.9599




In a Junior College, it is known that the probability that a student is left-handed is
0.125. There are 25 students in a class. The number of students in a randomly chosen
class who are left-handed is denoted by L.

(i) State, in context of this question, one assumption needed to model L by a
binomial distribution. Hence find the probability that there are less than 3
students who are left-handed in a randomly chosen class. [2]
(i) Find the probability that the number of students who are right-handed in a
randomly chosen class is more than 85% of the class. [2]
(iii) A group of students is randomly chosen from a class. Find the probability that
the fifth student chosen is the third student who is left-handed. [3]
(iv) There are n classes in the college. Find the minimum number of classes in the
college such that the probability of having not more than 4 classes with less
than 3 students who are left-handed in each class is less than 0.005. [3]
Q) Whether a student is left-handed or not is independent of whether any other
students is left-handed.
The probability of a student is left-handed is the same throughout the sample
of 25 students.
L ~ B(25,0.125)
P(L <3)=P(L<2)=0.379609...
=0.380 (3 s.f)
(i) Let R be the number of right handed, out of 25 students
R ~ B(25,0.875)
P(R > 0.85x 25)
=P(R>21.25)=1-P(R < 21)
=0.618 (3s.f)
(iii) Let H be the number of left handed out of 4 students
H ~ B(4,0.125)
=P(H =2)x0.125
=0.00897
(iv) Let C be the number of classes, out of n, with less than 3 left handed.

C ~B(n, 0.37961)

P(C <4)<0.005

When n =28, P(C <4)=0.0592 > 0.005

When n =29, P(C <4)=0.00421< 0.005
Therefore minimum number of classes is 29.




A random variable X has probability distribution given by
P(X = x)= kx(6-x), x:1,2,3_,4,5
0, otherwise.

(i) Show that k =i.
35

(if)  Find the mean and variance of X.
40 independent observations of X are taken.

(iii) Find the probability that the sum of the 40 observations of X exceeds 110. [3]

(iv) Find the probability that the maximum value observed is 5.

(i)

YP(X=x)=1
5k +8k +9k +8k +5k =1

3Bk =1=k :i
35

(i)

E(X)=3 (by symmetry)
Var(X)=E(x2)-[E(X)]"

=17 (5k )+ 2% (8k) +3° (9k ) + 47 (8k) +5° (5k ) — 3
=k (371) -3

(
1 (371)-32=16
35

(iil)

Since n =40 is large, by Central Limit Theorem,
S~ N(40x3,40x1.6) i.e. S~ N(120,64)approximately.

P(S >110)=0.894

(iv)

P(max observed = 5) = 1-P(maxobserved <4) [M1]
= 1-P(X; <4)P(X; <4)...P(Xg0 <4)

=1-(1-P(X =5))*

40
:1_(1_1j
7

=0.998 (to 3 s.f)




10 A deck of twenty cards comprises four sets of coloured cards, namely yellow, red,
blue and green cards. Each set is made up of five different numbered cards, from “1”
to “5”.

(i)

(i)

Four cards are randomly dealt to every player, and there are a total of five
players. In how many different ways can the cards be dealt so that a particular
player has only red cards? [2]

Ten cards consisting of a set of yellow cards and a set of blue cards are arranged
in a circle. Find the probability that all cards numbered “1” are next to each
other and separated from the cards that are numbered “2”. [3]

(iii) Three cards are drawn at random from the deck without replacement.

(@) Find the probability that the three cards have the same number. [2]
(b) Find the probability that at least two cards are of the same colour. [2]

(c) Find the probability that three cards are of green colour given that at least
two cards are of the same colour. [3]

5) (16) (12) (8) (4
Number of ways = X X x| Ix = 315315000
4 4 4 4) (4

(i)

Mtd1
6
Number of ways to form * 11 ’where isnot 2 :(2]2!2!: 60

Required number of ways = 60x(7-1)!=43200

Mtd2
Casel: ‘2’s are separated

6

Number of ways = 2!(6—1)!(3

j3!: 28800
Case2: ‘2’s are together

6
Number of ways = 2!2!(6—1)!(2]2!:14400

Total number of ways = 28800 + 14400 = 43200

10-1)! 42

Required probability =(43200 _°




(iii) 4\ (5
@) [3]{1) 20 1

P(3 cards have the same number) = [20] =120 " 57

3
OR
20 3 2
20 19 18

(b) 1 - P(all different colours)

LTI
5,

ORl1-—x—x—
20 19 18

OR

Case 1: 3 cards same colour

) e

[20) T1140 57

3
Case 2: 2 cards same colour

EHE w0 s

20 1140 19
3
. .. 2 10 32
Required probability = —+—=—
| P y 57 19 57

(©) P(3 cards are green | at least 2 cards are of the same colour)
_ P(3 cards are green and at least 2 cards are of the same colour)

P(at least 2 cards are of the same colour)
3 P(3 cards are green)
P(at least 2 cards are of the same colour)




OR

20516735 _ 1
32 64

57




11

A group of ornithologists in a nature reserve is conducting a research on three
endemic species of birds. They will tag and measure the beak lengths of the birds
they have caught. After a large number of birds were tagged and measured, they
found the beak lengths of the three species of birds have independent normal
distributions. The table below gives the mean and standard deviation of the beak
length of each species.

Species Mean Standard Deviation
A 40 mm 5mm
B 60 mm 5mm
C 40 mm o mm

Let A, B and C be the random variables, in mm, denoting the beak lengths of birds of
species A, B and C respectively.

(i) The probability of a randomly selected bird of species A having a beak length
at least | mm is at least 0.9. Find the range of values of I, correct to 1 decimal
place. [2]

(i) Find the value of k such that P(A<k)=P(B>k). [2]

(iii) One orithologist randomly selected 3 birds of species A and 1 bird of species
B. Find the probability that the difference between the total beak lengths of the
birds of Species A and twice the beak length of the bird of species B is at least
2 mm. [4]

It is found that 73.9% of birds of species C have beak lengths greater than 33.6 mm.
(iv) Find the value of o . [2]

(v) Another ornithologist randomly selected a sample of 4 birds of species A and
n birds of species C. After doing the measurements, he reported that the
probability of exactly 3 birds of species A and 5 birds of species C from the
sample, each has a beak length more than 33.6 mm is at least 0.0015. Find the
maximum number of birds of species C in the sample. [4]



(i)

A~N(4O,52)
P(A=1)>0.9

= UsingaGC, P(A>33.592)=0.9
-.0<1<33.6 (3sf)

(i)

By using symmetry (graphical, both distributions have same standard deviation),
k =50

P(z < k—40)=P(Z S k—eoj
5 5

k—40) k—60
_( 5 j_ 5
= -k+40=k-60
=2k =100..k =50

(iil)

B~ N(60,5%)

A+A+A—2B~ N(3><40—2><60,3(52)+22 (52))
ie. A+A +A -2B~N(0,175)

Required probability

=P(|A+A,+A -2B|22)

=2P(A+A, +A,-2B2>2)
=0.880 (3s.f)

(iv)

P(C >33.6)=0.739

P(Z S M] —0.739
O

336-40 —0.64026..
c

-~ =10.0 3s.f)

(v)

@P(A> 33.6)°P(A< 33.6)1[2JP(C >33.6)"P(C <33.6)" " >0.0015
From GC,5<n<13

Therefore, maximum number of birds of species C is 13




