2021 SAJC H2 Maths Promo Paper Solution

1(@) | Let S, =an’+bn+c
Whenn=1, l=a+b+c ---(1)
When n =2, S, =u, +u,
4a+2b+c=6 ————(2)

Whenn =12, 276=144a+12b+c --- (3)
Using GC to solve equations (1), (2) and (3),
a=2,b=-1,c=0.

oS, =2n"—n

(b) N 3 N ) n-2
v —v _)=|—— —

a3
LHS:

N

Z(vn vn—l)

n=2

= Vz Vl

+ W, -V,

+ W, =N,

+...

TV ~ X2

vy =W,

=v, —4
RHS:

N-1
n-2 1 1_(2j N-1
G )
5)=2\5 5 l_g 5
5

Therefore

N-1
Vy _4:(%j -1

N-1
2
As N —> oo,[gj — 0. Hence v, — 3, a constant/unique finite value.

Therefore the sequence is convergent.
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2(1)

n n—1
Sn=£il—2; S, =2

n n-1
For n22, 7;1 =Sn _Sn—l = a_l _Z_L;n—Z _2j

=

-1
Whenn=1, T =S, —2— 2=a-2=(a-2) %j which follows the form of

VR

n—1
T, = (a—2)[%] whenn=1.
n—1
Thus, T, = (a—2)[%] forn>1 (shown)

I, <a_2>[§]nl
T @—Qﬂgyz

Series is a geometric series. (shown)

a .
=— (constant independent of r)

(i) For the sum to infinity to exist, |—| <1
n2<a<2a#0 [or . .|a|<2,a#0]
(iii)

Need to find the least value of 7 such that |S, - S, |<0.2
1 _1 ;S = i )

1——
2

1,=-1§, =

For |Sn —SOO| <0.2
1
‘F—Z—(—Z) <0.2

:71 <0.2

2" >3

2"t > 5
n—1>ln—5
In2

n>3.32

Leastn=4
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Alternatively,
I=-1S§,= L_,—Z, Common ratio=l
2" 2
Soo = _—11 = —2
1——
2
For |Sn —SOO| <0.2
1
= 2—(-2)<0.2
2’}1 <0.2
n 1
F
3 0.25>0.2
4 0.125<0.2
S 0.0625<0.2
Hence, the least n =4

3(i) x
Let yzln(e +1j
e —1

X
e’ +1
ey_

X

e —1
e’e" —e =¢e" +1
e’e’ —e' =" +1
ex(ey—l)zey+1

X

x:ey+l
e’ -1

e’ +1
x=In
e’ -1

Since x=f‘1(y)=1n(ey +1] ,

e’ -1

fl(x)zln(ex +1j=f(X)

e —1

(i) Since f(x) =f (x) ,
ff(x) =ff ' (x) =x. Thus, f*(x)=x.

2021 (3) —f(3)= ln[ez +1J

e —1
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4(i) | Vectors p and q are parallel or either p or q (or both) is a zero vector.
(i) -6
Sincerx| 3 |[=0
2
-6
r is parallel to the vector | 3
2
-6
1
r =
J(6) +32+2
| -6
=—| 3
7
2
(iii) -6 1 Alternatively
3 le| 0 Letd be the required acute angle.
sy N2J\O)_ |6 6 -6) (1 0
N N N 3 o) |2
Using the trigonometric identity, 0 2 0 -3
.2 2 _ sin = =
sin"@+cos” 0 =1 ‘\/EH\/I‘ ‘\@Hﬁ‘
sin@ =+/1-cos” @ NE
2 =—
. (éj 7
7
-1 49-36
7
NE
7

sin@ >0 since @ is an acute angle.
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Alternatively,
fi()a) ()23 (2)(1n3) SmEEY
dx Let y=3°". Then, Iny =2xIn3
— xl 2
9" In3 Differentiate both sides with respect to x,
=9"In9 (Shown)
ldy
y dx
dy 2x 2x
—=2yIn3=2(3")In3=3"1n9
L~ 2vin3=2(37)
(a) Let y=tan (32x)
(ii)
YL () 909
dx 14+ (32X) 1+3
(b) yZy — e3x+26

Taking In on both sides, 2ylny=3x+2e¢
Differentiating both sides with respect to x,

e (3]
2 %)(l+lny):3———(l)

Differentiating (1) with respect to x,

(Eke)m (2]
&) pesmr (8-

y[gjz‘(ﬁnw(%f

From (1):

()~

Hence,

y[j;f}—(ljny)(%f é(%]

\®]

[\
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6() | '(x)=3¢"
(@)
g()=is= e
h'(x) 3
@ | y=e*
(i) d Replace x with —x
y — e—3x
4 Replace y with 3y
1 —3x
=—e
Y73
The graph of y = h(x) undergoes the transformations:
1. Reflection about the y-axis, followed by
2. A scaling parallel to the y axis with a scale factor of %
to obtain the graph of y = 1 .
h'(x)
gg) y:f(x) replace x by x—3 y:f(x_3) replace y by —y y:_f(x_3) replace y by 2y )y:_%f(x_:)')
(@)

Y A x=6

B it R et
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(b)
@
(b)

yA

(b)
(i)

(=3.0)

[Note: (-3,0) on y =f"'(x)corresponds to the stationary point on y=f(x), and
there are no other x-intercept on y =1 '(x) . However, there would be a y-
intercepton y=f '(x) , but there is insufficient information from the question for

us to determine the value of the y-intercept since we do not know the gradient of
the graph y =f(x) atx=0.]
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70) | 2%’ +6x+k Alternatively,
 x+3 22X’ +6x+k
dy _ (4x+6)(x+3)—(2x° +6x+k) x+3
dx (x+3) y=2x+
2+ 1204 18—k X3
(x+3) Y,k
dx ()c—i-3)2
2
= 2x~ +12x+18 -k > 0 for all real values of x,x # -3
=> Discriminant < 0 For %zZ— k =>0,
122 —4(2)(18— k) <0 o (x+3)
<
=k<0
() | 2x*+6x+k
x+3
y=2x+ k<0
x+3
Equations of asymptotes: y=2x, x=-3
Intercepts:
k
x=0=>y=—
Y73
y=0=2x"+6x+k=0
L6368k _—3+\9-2k
4 2
y=2x ¥=73 % y=2x
y=£(x)
=X

/|
O’,’ /\—3+\/9—2k ’Oj
4
7/

/12
QUEV RN
\\
AY
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(ii) (sz +6x+kj2
2

x+3
x° =1 —-- *
1 *)
2 x2
Add the hyperbola % —1—2=1.

Asymptotes are y =1+2x and y-intercepts are (O, iZ)

2 2
Since the graphs y =f (x) and % —)16—2 =1 have two intersection points, the equation

(*) has two real roots.

(iv)

=
Il
I
(98)
»
Ll
<

D
v

o
3

./l -
-
=
O

B 2x* +6x—1

x+3 R

~
U P

The x-coordinate of the intersection points are between the graphs

2
_ 20 0071 gy =|v—3] are -3.0817 and 1.0817.
x+3
25 +6x—1
For 2273, 3.08<x<-3 or x> 1.08.
x+3
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8(1)

£=2cost9 R d—y=—3sint9
de de

1
2cos@

dy dy 1
dx d9 dr
do

( 3sm6’) =—itan9

AtP, J2+2=2sin6+2 = sin@zg =0=

32

Check: y= 3cos——1———1
4 2

BN

Gradient of normalat P =———— = %

y=—Xx—-——+—

3 3 3

) 4 s(ﬁj_

6y =4x—14+5\2

(i)

When the normal at point P intersects the x-axis, y =0

0=4x—14+5y2 , -
A l
ML Y 22

3R~

Area of quadrilateral )
G 3em) E-5a

=2.8854 =2.885 units® (3 d.p.)

(iii)

3
As 0 > ig , % = —Etan 6 — too . Hence, the tangents will become/approach vertical

lines.

(iv)

y x=2sinf+2 , y=3cosf—1,

-1)
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9(1) 0 1
OA=|5 |; O0OB=|-1
15 3
1 |
AB=0B-O04=|-1|-| 5 |=| -6
3 15 -12
0 1
Equation of line2: r=|5 |+u| 6 |, ueR
15 -12
(i) | Let the point of intersection between /, and /, be X.
-2 -1 0 1
OX=|1|+4| 2 |and OX=|5 |+u| —6 | forsome A,ueR
3 3 15 -12
-2 -1 0 1
Since /, and I, intersect, | 1 |[+A| 2 |=|5 |+u| —6
3 3 15 -12
2-A=u = A+u=-2.. ()
1424 =5-6u=  2A+6u=4 - (2)
3434=15-12u4 = 3A+12u=12... (3)
Solving (1), (2) and (3) using GC, A=—4,u=2
-2 -1 2
OC=| 1 |[+(-4)| 2 |=| -7
3 3 -9
Coordinates of C is (2,-7,-9)
(iii)

2 (-1 2-2
AF=0F-04=| 1 [+4] 2 |-| 5 |=| -4+24
3 3 15 -12+34
-1
Since AF is perpendicularto /,, AFe| 2 |=0
3

Since F'is a point on /, : OF = ]+ Al 2 | forsomedieR
0
5
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-2-1

4424
-12+34
141 =42
A=3
-2 -1 -5
Therefore OF =| 1 [+3] 2 |=| 7
3 3 12

-1
ol 2
3

=0

2+ A-8+41-36+91=0

(iv)

Let A' be the point of reflection of 4
along the line /|

Using Ratio Theorem, OF = %
OA4'=20F —04
-5 -10
=27 |-|5 |=| 9
12 15 9

Let /; be the line of reflection of /, in
the line /,

—_—

CA'=04"-0C
~10) (2
= 9
9 -9
~12
=| 16
18 9

Direction vector of /;=| 8
9

equation of the line /;:

2 -6

-7 |+a|8

-9 9

r= , aeR

Alternatively,
Let A' be the point of reflection of 4 along the
line /,

Using Ratio Theorem,
ﬁZCA+CA
2
CA'=2CF -CA
_2[0F -0C]-[04-0C |
=20F -0C-04
-5 2 0
=217 |—-|-7|-|5
12 -9 15
-12 -6
=116 |=2|8
18 9

Let /; be the line of reflection of /, in the line
/,
-6
Direction vector of /;=| 8
9
equation of the line /;:
2 -6
-7 |+a|8
-9 9

r= , a eR
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-1 1 -6

The normal of plane=| 2 |x| =6 |=| -9
3 -12 4
0
Using OA=|5 |asa point on the plane
15
-6 0)(—6
r{ -9 (=|5 -9
4 15) 4

Cartesian of the required plane is -6x—-9y+4z =15
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10(i) | By cosine rule, z> = x>+ y* —2xycosq ---------- (1)
By considering the area of the triangle and the quadrilateral,
2(%xysin aj = %(1.5)(1.8)sina
xy =135 ---memem- (2)
1.35
= 3)
X
Substitute (2) and (3) in (1):
1.35Y
2 =x +(—J -2(1.35)cosa
X
1.8225
2’ =x’+—="-27cosa (Shown)
X
(ii) Differentiating with respect to | Alternative solution
X, 1
dz 3.645 z=|x*+ 1.8225 _27cosa |
2Z_ — 2x - 3 x2
dx X 1
For the stationary values of z, | 4, | , 1.8225 2 2(1.8225)
dz —=—|x"+———-2.7cosax 2x—————5—=
—~— =0 de 2 X X
dx
3.645 1 1 2(1.8225)
250 T2 [, 18225 T
" \/x2+ —o== 27 cosa
2x*-3.645=0 X
x*=1.8225 . dz
. For stationary values of z, — =0
x=4/1.8225 dx
=1.16189=1.162 m (3 dp) 2x—3'6345=0
X
__4
or x=-3/1.8225 (N.A, x>0) 25t —3.645=0
x* =1.8225

x=4/1.8225=1.16189=1.162 m (3 dp)
or x=-3/1.8225 N.A, x>0)

Method (Second Derivative Test)
Differentiating with respect to x:

2 2
2(%} +2zd z =2+10.935
dx

dx? x*
For the value of z to be minimum, a =0

2
2z fb; oy 10.9435
X
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d’z 1 10.935
=52t
dx* 2z X
d’z 1 10.935
For x=3/1.8225, —=—1]2+ >0 since z > 0 given that z is a length.
¥ & 22( 1.8225) orey : 8
Hence the length of MN is a minimum when x =1.162 m (3 decimal places)
(i) 2
A
z°=x"+ 1'82225 ~2.7c0sZ
X 3
(1.8,2.45)
~
0(.16,135)
x=0
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