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13)

_ ax’ —2ax+4
x—b
Equation of vertical asymptote: x—b=0=>x=>
Thus b=2

_ ax’ —2ax+4 B

- x—2 - x—2
Equation of horizontal asymptote: y = ax
Thus a=1

1(ii)

X' =2x+4

o x=2

y(x—2) =x’-2x+4

x’ +(—2—y)x+(4+2y) =0-———(*

For y not able to take any values, the equation (*) will have no real roots,
therefore discriminant < 0

Y

b*> —4ac<0

(—2-y) —4(1)(4+2y)<0
4+4y+y*-16-8y<0

Y —4y-12<0

(y—6)(y+2)<0

-2<y<6

Therefore y cannot take values between -2 and 6.

1(iii)
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2(a)

Range of f=[-3, 4]

(b)

C’: Reflect about the y-axis

B’: Scale parallel to x-axis by scale factor of %

A’: Translate 1 unit in the negative x-direction

x-2
y=e " —x

4 C':Replace x by — x

d B':Replace x by 5x
y=5x+e>7"

4 A':Replace x by x+1
—5(x+1)-2

y=5(x+1)+e

y=5x+5+e>"

3(a)()

un =Sn _Sn—l
= A(2")+Bn* +C—[ 42"+ B(n-1)’ +C|
=4(2"-2"")+B(n’ - (n-1))
=4(2"")@-D+B(2n-1)
=4(2"")+B(2n-1)
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(a) (i1) | Method 1 (Form 3 equations to solve)
=4(27)+B(20)-1)=
u,=A(2"")+B(2(2)-1)=18
S,=A(2*)+B(2)*+C=25 (orS, = A(2l)+B(l)2 +C=7)
ByGC,4=3,B=4,C=-3
Method 2 (Use 2 equations to find 4 and B first)
=A4(27)+B(2)-1)=
=4(2"")+B(2()-1)=18
ByGC,A=3,B=4
_ 2 2 _
5, Z[ (2, 1)+B 5 1)} S, =3(2%)+4(2)* +C=25
(orS,=4(2')+B(1)* +C=7)
:AZ?*I +2BZr—BZl
r=1 r=1 r=1
_A1(2 -1) Jr2Bn(n+l) _Bn
= A(2")-4+Bn’
L C=-A
Therefore, C = -3 Therefore, C = -3
(b) r(r+D)(r+2)—(r=2)(r-1r

rl(r+D)(r+2)—(r—-2)(r-1)]
r[r +3r+2-— (r -3r+2)]
[67]
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n

iéﬁ = [rr+D)(r+2) = (r=2)(r =]
r=1

r=1

Zn:ﬂ - %Zn:[r(r +D)(r+2)-(r-2)(r- l)r]
r=1 1

r=

1

= E[( A - (=DHO)D)
H( 4 <(OD(2)
HO) zD
H 6) —( 4)

J’_

) _\ )

<2)(M>~N-(n— -
+H(n-2) n ~(n= -3)(n-2)
Hn_l;:MXn_l)
-(n-2

Hn)(n+1)(n+2) )(m)]

/

= %[—(—1)(0)(1) = (0)(1)(2) +(n = 1)(m)(n +1) +(n)(n + D)(n +2)]

_ (n—-D(m)(n+1) +(n)(n+1)(n+2)
6
_ n(n +1)[(n -D+(n+ 2)]
6
_n(n+1)(2n+1)
- 6

(Shown)

4 ()

I 2
a-2 y=——x+—
x—a

Asymptotes: x=a,y =1 Whenx =0,y = 2
2 a

Whenx =0, y==. Wheny=0,x=2
a

Wheny=0,x=2




St Andrew’s Junior College

2021 H2 Math Prelim Exam Paper 1 Solutions

Qn Suggested Solutions
y |
2 i
i y=1
_____________ T B NGEEEEEEE S EEEEE
0 L 2
1 i
E 12
1 y=——x+—=
X =a i
(@) From the graph,
a-2 1 2
1+ >——Xx+—.
x—a a a
Ans: O<x<a or x>2
(i) 1+ax—2x 12

1—ax ax a

1+X(611——2)>_l(l +
X(*—Cl) a\x
X

—=—a
X
Let y:l ,
X
a-2 1 2
1+ >——y+—.
y—a a a
From (i),

O<y<aor y>2

0<l<a or l>2
X X

1 1
SLx>—or0<x<—
a 2
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5 (a) un = Sn - Sn—l
=" -1)—(e"" =1
— en _ en—l
. en _ enfl
. en—l _ e11—2
e
e (e—1)
=e
that is a constant independent of 7.
Hence the sequence is a geometric progression.
(b)(i) | Let 7, be the decrease in area that has happened for the nth year.
T =64+(n—-1)(-3)
=67-3n
The decrease in area of island S forms an AP with common difference — 3.
Since the decrease in area stops when the decrease is less than 5 km?,
67—-3n<5
n> 20z
3
Least n=21.
Hence the total decrease in area from the first year to the 21% year is
21
Sn = 7[2(64) +(21-1)(=3)]
=714
Hence the area of Island S when the decrease is less than 5 km?is
2880—714 = 2166km’
(b) | According to Company B, the decrease in area now follows a Geometric

. . .5
Progression with first term 64 and common ratio r

Hence the long run/theoretical decrease in area of Island B is

5=
1-=

6

=384

Hence the theoretical area in Island B in the long run is
Area =2880—384

=2496km’
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6 |4-x)" 1
X+ 2
8-2x"y’ =x" +y°

Differentiating with respect to x,
dy dy
=2[ 2xp” + X7 | 2y—=||=2x+2y—
( g ( g de "

dy dy
2xp" —2x°y—=x+y—
y ydx y

dx

—(y+2x2y)%:x+2xy2

dy x+2xp°
a = —m (ShOWl’l)

(ii) When x = 2,
4-(2) 5’

(2) +)*

+
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Wi Ol B -

o0
|
o0

<
[’S)

I

_I_
\<I\)

<
I

<
Il
—
=<
v
(e
~

(\]
+
\]

G

<)
3 3

Equation of PQ:

2 17

2o Y,
y-3=57 =2

wheny:O,x:2

17
52
Q(ﬁ"’]
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(ii) when y =0, 0=§,x:k2
dx =k’ cos@
dé
Bounded area = Area of triangle OPQ
k2 1(52)(2
e 3E)3
0 2\17 )\ 3
Pkcoseﬂde _1f32)2
0 déo 2\17 )3
T
Izk3 cos’ 0 do =22
0 51
K= — 52 =1.298205
5 II 2cos’ 0 dO
0
k=1.09
7(a) Let z= 1++/3i is a root of the equation3z* +az* +bz—8=0.
Since a and b are real numbers, the coefficients of all the terms of the
equation are real, hence complex roots exist in conjugate pairs. This implies
that since z = 1++/3 is a root then its conjugate 7 = 1—/3iis also a root of
the equation.
We can form a quadratic factor
(z—(1+3i)(z=(1-Bi)= 22 -2z+4 .
232 +az’ +bhz-8=3z-2)(z" -2z +4)
Comparing the coefficient of z° :a = -6-2
= a= -8
Comparing the coefficient of z: 6 =12+4
= b=16
The remaining root is z = % .
7(b) Since e’ =cos@+isiné,
@ L.H.S.
= (cos @ +isin 6)*
)
— &40

= cos40 +isin40 (Shown)
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(i)

sin 460
cos40

tan40 =

(cos@+isind)* = cos40 +isin46
cos' @+4cos’ O(isin ) + 6 cos” H(isin )* +

4cos@(isin O)’ + (isin B)* = cos 46 +i(sin 46)

Comparing real parts,
cos46 = cos* @ —6¢os” O(sin” O) + (sin” 6)

Comparing imaginary parts,
sin 46 = 4 cos’ O(sin @) — 4 cos O(sin” &)

4cos’ O(sin @) — 4 cos O(sin’ O)
cos* @ —6cos” O(sin” O) + (sin” 6)
cos’ O(4tan @ —4tan’ 6)
cos* (1-6tan’ @ + tan” 6)
4tan @ —4tan’ 0

= Shown
l-6tan’ @ +tan' @ ( )

S tan46 =

(iii)

tan40 =4

4tan @ —4tan’ 6 B
1-6tan’ @ +tan* &
= tanf —tan’ @ =1—6tan” &+ tan* &
=tan*f+tan’ f—6tan’ O —tanH+1=0———(¥)

Using GC
The possible values of tané are
-2.91, 2.05, —0.488 and 0.344

8 ()

Since the point P lines on 4B between 4 and B such that AP: PB= (1-1): 4, by

ratio theorem,
OP=104+(1-2)0B , 0<A<1,AeR
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(i)
A
B
0
Let the ZLZAOP = ZBOP =0 .
°a b
cosf = £ = £ -———®
ap  bp
[Aa+(1-M)b]ea [La+(1-A)b]eb
- =
a b
_ A+ (=2 (ah) _ Aah+ (1= A
a b
1-2
= (g-lg){u—i} (- A)b—Aa——— (#)
a b

Method 1a
= (g-@)[b(l —A)—Aa]=ab[(1-1)b— Aa]
= (a*b)[A(a+b)—b] = ab[A(a+b) - b]
= [A(a+b)-b](asb—ab)=0
Since O, 4 and B are not collinear,
ab#ab --- (@)
S Ala+b)-b=0
=> A= b (Shown)

a+b
Method 1b

1-4
= (abcos29)[(—)—%} =(1-A)b-Aa
a

Since (#) is true for all 8, we compare terms independent of &
=(1-4)b-4a=0
=> A= b (Shown)

a+b

(iii) Since AP = BQ

10
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= AQ:0B=1:(1-1)
=00 =(1-A)a+Ab

00 =((1-A)a+Ab)((1-A)a+ Ab)
=(1-2)a’ + 2’0 +24(1- 1)(a+b)

OP* =(Aa+(1-)b)(Aa+(1-A)b)
=A%’ +(1- ,1) b’ +24(1- 1) (a-

-.00° -0OP* = )(b2 a’)

lj(b2 —-a’)

j(b—a)(b+a)

b)

9(1)

e
o~ mgd :

2

dx dv
y=—

=>—=—
dt  dr df?

2 2
Hence, d'x ——=9.8-0. 2(dxj :>@:9.8—0.2v2 (shown)
dr’ dt dt

To solve dv_ 9.8-0.2v*:
dr

Y98 02/
dr

1
I9.8—0.2v2 dv=[1dt
11

027492

)
— | —|In
0.2\ 2(7)

5 T+v
—1In
14

dv=¢t+C , where C is an arbitrary constant

T+v
T—v

=t+C

=t+C

T—v

14

Tty :?t+D whereD—154C

In

7T—v

11
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T+v 4, b
7 = Ae’ ,where A =*e
-V
When t=0,v=0
%=Ae°:>A=1
Ty % o7y 14
=e’ = =e 5
T—v T+v
RCTNNTS
T—v=Te > +e v
_l4, 14,
4,
7[1—6 3 J
Sv=————>  (shown)
l+e 5
(ii) %:9.84{\;, 50
1
j98_kv dv=[1dr
1 _k . .
—;J. 9.8 fv dv=t+C , where C is an arbitrary constant

—11n|9.8—kv|=z+c
k

In|9.8 — kv|=—kt + D, where D =—Ck
9.8—kv=Ae ™, where 4 = +e”
Whent=0,v=0

9.8—k(0)=Ae’ = 4=9.8

5 9.8—kv=9.8e"

be 9.8(1;5”)

12
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(iii) 14,
7| 1-e ?
Ve
l+e ?
Ast— o, e’ —0
—es
—e
14, !
I+e °
7[1—6 > J
fim T
l+e ?
.. Terminal velocity for object in Model 1 is 7
—kt
lim 9.80-e™) _ 7
t—©
Ast— o, e >0
.'.%=7:>k=1.4
(iv) For model 1:

When v=7x0.8=5.6

Tl 1-e 3
56=— 2

_l4,
l+e 3
Using GC, 1 =0.785 (3 s.f))
For model 2:

When v=7x0.8=5.6

9.8(1—e ")
1.4

Using GC, t=1.15s

5.6=

Object in Model 1 reaches 80% of its terminal velocity earlier.

13
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11(i) | When the projectile to hits x,, y=0
(vsiné’)t—%gt2 =0
t(vsin@—l ZJ—O
> &g
t =0 (rejected as t > 0) or vsinﬁ—%gt =0
[ 2vsin @ (shown)
(i) _ [
A —.[0 ydx
2vsinf
dx
=| ¢ — |dt
.[0 y(dij
2vsinf 1
:.[0 g ((vsin@)t—agﬁ](vcos@)dt
2vsinf 1
— . P
—(vcosﬁ)jo g ((vsm@)t 2gt jdt
B 2vsiné
1 (£ ¢
=(vcos@)| (vsin@)———g| —
(V )_ ' ) 2 2 g[ 3 J:|0
(vsin@)(2vsin9j2 1 (2vsin9]3
=(vcos8) -—g
2 g 6 g
. 3
=(vcosd) Z(VSTG) - 12 (8)(vsin 2%
g 6g
. 3
=(vcosd) g—(vsmzé’) ]
3 g
_ 2v'sin’ Ocos @
3g2
(iii) e 2v*sin® O cos O
3g2
4
au_ 2—‘}2(sin3 6(—sin @)+ cos@(3sin’ G cos H))
dé 3g

B 2v*
3g’
For stationary values,

(3 sin” @ cos® @ —sin* 9)

14
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4

2

3g

(3 sin” @ cos® @ —sin’ 9) =0

sin’ 0(3 cos® @ —sin’ 9) =0

sin®@=0 or
sind=0 or
0=0 or
(rejected 6>0)

3cos’ @ —sin’H=0

tan’0 =3
tanf==+/3
tanf=+/3 or tanf=-3
6’=% (rejected as 4 is acute, so tand>0)

wewn(2efz) * (D)) g

Hence when 921, > 2
3 3g 3g
4
:‘% _ 32v2 (3 sin’ @ cos® @ —sin* 49)
g
4
= 2—‘}2 3(4 sin” @ cos” @) —sin* 6’)
3g°\ 4
A . .
— % 3(sm 26?)2 —sin* 0)
3g°\ 4
2 4
39‘3 — §v2 %(4sin2t9cos26’)—4sin3 QCOSQJ
g
4
_ 2v2 i(sin4¢9)—4sin3 HCOSHJ
3g7\2
When 0=£

8 g

2

15
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2 4
26/21 = 32V2 %(sin4¢9)—4sin3 6 cos 9)
g

2 (Q[Q}
3¢’ 20 2 2 )2

20 _3@_3@]

3g’ 4 4
(33
3g°| 2
e
= — g2
4
Hence maximum 4 :\f—‘;
8

16




