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—2ax+4 ) .
(i) Thecurve y= % has an oblique asymptote y = x and a vertical asymptote
x —

x = 2. State the value of b and find the value of a. [2]

(ii) By using an algebraic method, show that y cannot take values between —2 and 6.[4]
Using the information found in part (i) and part (ii),
ax’ —2ax+4

(iii) sketch the graph of y = Y stating clearly any axial intercept(s),
x f—

asymptotes and the coordinates of the turning point(s). [3]

(a) A curve has equation y = f(x), where

1-3x —1<x<1,
fx)={-2—(x—1)* 1<x<2,
2 otherwise.

Sketch the graph of y =f(x) for —1<x <4, stating clearly the coordinates of any
axial intercepts. State the range of f. [4]

(b) A curve undergoes the transformations 4, B and C in succession. The transformations
A, B and C are given as follows:
A: Translate 1 unit in the positive x-direction;
B: Scale parallel to x-axis by a scale factor of 5;

C: Reflect in the y-axis.

The equation of the resulting curve is y = ¢*? —x. Determine the equation of the

original curve. [3]

n
(a) A sequence of numbers u,, u,, u;, ... has a sum S, where S, =Zur. It is given

r=l1

that S, = A4(2")+ Bn* + C, where 4, B and C are non-zero constants.

(i) Find an expression for u, in terms of 4, B and n. [2]

(i) Itisalso given that ¥, =7and S, =25. Find 4, B and C. [4]
(b) Show that r(r+1)(r+2)—(r—2)(r —1)r = k>, where k is a constant to be determined.

Use this result to deduce that Y r* = w [5]

r=l1
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Sketch the graphs of y =1 +a_—2’ and y= —lx+2 on a single diagram, where a is a
x—a a

a

positive constant and 1<a <2, showing all asymptotes and axial intercepts clearly.

(i) Using the graphs, solve, in terms of @, 1+

(ii) Hence, solve 1+

(@)

(b)

[4]
a-2 1.2 ]
X—a a a

a2, 1,2 3]

1—ax ax a

The sum of the first n terms of a sequence is denoted by S, . Given thatS, =e" -1,

prove that the sequence is a geometric progression. [3]
The area of island S is 2880 km” at the end of 2019. Due to the rise in sea level, the
area of the island decreases gradually every year. At the end of 2020, the area

decreases by 64 km’. Two companies, A and B, are engaged to study the trend in the

decrease in the area of Island S.

(i) According to Company A, the decrease in area in each subsequent year is 3 km?
less than that of the previous year. The decrease in area continues annually up

to and including the year when the decrease is first less than 5 km” occurs. Find

the area of Island S when the decrease is first less than 5 km?. (4]
(ii) According to Company B, the decrease in area in each subsequent year is %

that of the previous year. Determine the theoretical area of Island S in the long
run. [2]
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2.2
A curve C,| has equation 42% = l, where y 20.
X +y 2
2
() Show that ¥ = **29" 3]
dx y+2x7y
(i) The point P on C, has x-coordinate 2. The tangent to C, at P cut the x-axis at point
Q. Find the exact coordinates of Q. [4]
y
A
CZ
0 i

The diagram above shows a second curve C, with parametric equations

x=k’sin@, y=kcosé,
T . .
where 0 <4 < ) and k is a positive constant.

(iii) The area bounded by the curve C,, the x-axis and the y-axis is equal to the area of
triangle OPQ, where O is the origin. Find the value of & correct to 2 decimal
places. [3]

(a) Ttis given that z= 1+~/3i is a root of the equation 3z° + az> + bz —8 =0, where
a and b are real numbers. Find the exact values of a and b and hence solve the
equation completely, giving all the roots in exact form. [5]

(b) (i) Using Euler’s formula that ¢' = cos @ +isin @, show that
(cos@+isin@)* =cos46+isin40 . [1]

(ii) Using result shown in (i), by comparing the real parts, show that
cos46 = cos* @ —6cos” Osin® @ +sin* @ .
Obtain an expression for sin46 in terms of cos @ and sin@.

_ 3
Hence show that tan 46 = 4tanf—4tan” 0 [4]

1-6tan’@+tan* 0

(iii) Hence, find the possible values of tan @ given that tan 46 =4, leaving your
answers correct to 3 significant figures. [3]
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The points 4 and B have position vectors a and b, respectively, relative to the origin O.
The points O , 4 and B are not collinear. The point P lies on 4B between 4 and B such
that AP: PB= (1-1): A, where 0<A1<1, 1eR.

(i) Write down the position vector of P in terms of a, b and A . [1]
It is given that OP bisects LAOB.

(ii) Show thatA = b e where a = |a| and b = |b|. [3]
a—+

The point Q also lies on AB between A4 and B, and is such that AP = BQ.

(iii) Find an expression for (OQ2 - OPZ) in terms of @ and b. [4]

A scientist is investigating two models for the motion of a falling object of mass 1 kg. At
time ¢ seconds, the object has fallen a distance of x metres with velocity v m s™!. The
object in both models falls vertically from a building with an initial velocity of 0 m s
(i) In the first model, the motion of the object is modelled by the differential equation
dx dx Y’ . o dx . .
e =9.8-0.2 (Ej . By using the substitution v = O show that the differential

, . dv
equation can be written as m =9.8—0.2v*. Hence, show thatv =
t

(ii) In the second model, the scientist considers that for any falling object, it experiences
a downward gravitational acceleration of 9.8 m s and an upward acceleration R
due to air resistance, where R <9.8. The upward acceleration is directly
proportional to v, with a constant of proportionality £ >0 .

The rate of change of v for the falling object is modelled as the difference between
the gravitational acceleration and the upward acceleration due to air resistance.
Form a differential equation relating v to ¢ and k, and solve this differential equation
to obtain v as a function of ¢ and £. [3]

The terminal velocity of an object is the value of v after a long time.

(iii) Given that the objects in both models achieve the same terminal velocity, find the

value of . 2]
(iv) Using the value of £ in (iii), justify which model predicts that the object reaches
80% of its terminal velocity earlier. [3]
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Figure 1

" at a fixed angle of

From a point O, a projectile is launched with a fixed velocity v ms~
elevation @ from the horizontal, where v is a positive real constant and 0< 6 < 7 The

horizontal displacement, x metres, and the vertical displacement, y metres, of the
projectile at time ¢ seconds may be modelled by the parametric equations

x=(vcos)t, y:(vsine)t—%gtz,

where g is a constant known as the acceleration due to gravity.
2vsind

2]

(ii) A is the area enclosed by the path of the projectile as shown in Figure 1 and the x-

(i) Show that the time taken by the projectile to hit x, is given by

4 .3
axis. Without expressing y in terms of x, show that 4 = 2v s1;1 fcos 0 . [4]
g

(iii) Hence find the exact maximum value of 4 as @ varies in terms of v and g. [6]
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