2021 NYJC JC2 Prelim 9758/1 Solutions

1@ | @r-p)xp=0 peans 2r P i parallel to p
2r-p=kp
2r = (k+1)p
k+1
r=——

2
r represents the set of position vectors of points that lies on the line through the origin and
parallel to p.

1(b) Area APOR

1 U OB
=5|QR><QP|
=%|/1p><(p—q)|
—1Apxq)|

—2
zjl(pxq)l

k=-11/2

2(3i)
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2(ii)

ax—3a+2
3—x

ax—3a+2

The reflected part of is © 3-x

_ax—3a+2_a

Solving 3-x 3

a
ax—3a+2=§x2 —ax

ax’> —6ax+9a—-6=0

_6at(-6a)’ —4(a)(9a—6) 2 —6x+9-2-0
2a a

_6ai\/24a_3+ E (x—3)2=—
2a “Na

RALEN

=3+, |—
a

ax—3a+2_£

Solving  3—x 3
2 _3442=0
3

xX= /9—2 (Reject x =— 9_§)
a a

. lax—3a+5

= x<3- \f /9——<x<3 3<x<3+\F
or

Ll

3()

_or+l r+2- 1 1 1
r!(r+2) (r+2). (r+2). (r+1)! (r+2)!
Alternative:

1 o or+l
ri(r+2) (r+2)!

A N B :A+B(r+2)
(r+2)! (r+1! (r+2)!

Sr+l=A4A+B(r+2)

By comparing coeff: 4=-1, B=1

Page 2 of 12




2021 NYJC JC2 Prelim 9758/1 Solutions

il 1
ZZLrH)!_(Hz)!}

r=1

+/r%_ +1)!

|
T (nr2)
_1o 1

2 (n+2)!

3(ii)

| !
As n— oo (n+2)! , thus =1 converges.

o0 1 U
l <1 Z(EJ
3 , thus =1 converges.

. 1+Gjr rl(r+2)

r!(r+2)

Since

Therefore, 7=!

,
1+(1) ri(r+2) 1
3 1 11
=—+ =—+—=1

Z r!(r+2) 2 -+

r=1

converges.

4(1)

Take an arbitrary point (x,y ) on C.
Distance between (x,y ) and (1’0),
s = (x - 1)2 +y?

s :(x—l)z+y2

A(ii)

Differentiating w.r.t. x gives

2s%:2(x—1)+2y%.

Iy

When s takes a minimum value, dx . Thus
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dy
2(x-1)+2y—=0
(x )+ ydx

x1+(1ij[1(’;i)(2‘)] ~0
(1_xx)3 )
x=(1-x)"

x*—4x’ +6x* -5x+1=0
By GC (Poly Root Finder),

1-x

Lo 02755

So the point on C having a minimum distance from the point (1’ O) is (0'2755’ 0'3803) .

4(iii) | The minimum distance

= J(02755-1)" +0.3803’

~0.818

5(a) a+3 3
G (a,0) > ( 5 ,0); (O,b)—>(2,b)
(a+3

2 " 7is the only point.
Asymptote: ¥ =K
(ii) (@0 —(0,a)

(0,6) = (b,0)
Asymptote: X =k
5(b) e' +5 e +5
. = y: y_ X: Y
@) y ]n(e"—l =>e e"—1:>(e De’ =e’ +5
. e’ +5 e’ +5
=e' = =x=In
e’ —1 e’ —1

g-l(x)zln[e' +5j
|

Dg—l = Rg = (O,OO)
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(b) Note: g is a self-inverse function
(ii) g*'h(x)=1n2
gh(x)=1n2
Method 1: Method 2(not recommended):
h(x)=g " (In2)=In7 gh(x)=1n2
1+49—(x— 2)2 =In7 el+«/9—(x—2)z +5
ln W =ln2
e14ﬁ/9—()r—2)2 45 5
epw&)—(x—z)2 ~1 N
el+«/9—(x—2)2 -7
144/9-(x=2)* =In7
9—(x-2)"=(n7-1y
(x=2)’=9-(n7-1)’ =(2+In7)(4-1n7)
x=2+/(2+In7)(4-1n7)
6(a) - |x+2| 2 x+2 Tox42
J 2 dx = _J 2 +J 2 -
23X +4x+5 S x +4x+5 o x +4x+5
-2 R -1
2)53x°+4x+5 2)ox  +4x+5
-2 -1
= l —[ln x2+4x+5 ] + [ln x2 +4x+5 }
2 -3 -2
= %[(—ln1+ln2)+(ln2—ln1)] =In2
6(b) dex - Jlsin(ln x)dx = —cos(Inx) + ¢
(i) X X
6(b) . B X\ .
(i) Ix sin(ln x)dx = J X (;j sin(ln x)dx

= J x’ (lj sin(In x)dx
X
= ¥ (~cos(In x)) — j 2x(~cos(In x)dx

=—x" cos(In x) + ZJ.x(z) cos(In x)dx
x

=—x*cos(Inx)+2 [x2 sin(In x) — I2x sin(In x)dx}

SJ.x sin(In x)dx = —x? cos(In x) + 2x* sin(In x)

j xsin(ln x)dx = % (—x? cos(In x) + 2x” sin(In x)) + ¢
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7(i) y=In(1+¢")

7(ii
@) (1+e")d—);+exd—y—ex=0
dx dx
3 2 2
(1+ex)d—);+exd—);+e"d—);+exd—y—ex=
dx dx dx dx
3 2
(1+eX)d—3;+2exd—f+e*d—y—ex=o
dx dx dx
When x =0, y=In2
e 1
dx 1+e 2
d’y 1
1+e’)—+e’(=)—e’=0
( )dx2 (2)
dy_1
&’ 4
By Maclaurin’s series,
1
y=1n2+lx+ix2+---
2 2!
y:1n2+lx+lx2+---
2 8
. dy ¢
Sincey=In(l+¢*),—= .
y=nC )dx 1+e”
e’ 1 1
=—+—x+...
I1+e* 2 4
7(iii) | Using MF26,
C  —ef(1+eY)!
I+¢"

=1+ x+)1+1+x+)"
m(1+x)(2*1(1+§)*')
=%(1+x)(1+%+---)

1 X
_E(]+x+5+...)

1 1
=—F—X+..
2 4

OR
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X 1 1
°c - =(1+e’x)
1+e* 1+e™*
=(I+1-x+-)"

1, _x)
2 2

:l ]+£+...
2 2

=—F =X+
4

e’ |

=1- =1-(1+e")"
I1+e* 1+e” ( )

=1-(1+1+x+-)"

1 !
1-—|1+2

2 2
:]_l[]_f_'_...]

2 2

1 1
=—+—x+-
2 4

8(i)

0 A

Let the tangent to C at the point
dy _dy /dx _ —5asintcos’t B
dr dt/ dt  Sacostsint

Equation of tangent at P is

y—acosst=—cot31(x—asin5t)

P(a sin’ ¢,a cos’ t)

v

cot3 t

At A4, y = 0. Substituting into equation of tangent gives

a COS5 t

cot3 t

x=asin’ t+

=asin’ t+asin’ tcos’ ¢
= asin® t(sin2 {+cos’ t)

=asin’t

At B, x = 0. Substituting into equation of tangent gives

y=acos’ t+asin’ tcot’ ¢
=acos’t+asin’tcos’ t
=acos’ t(0052 { +sin® t)

=acos’t
2 2 2

0A3 +OB? = (a sin® t)5 +(a cos’ t)

[SSAN )

=da

[SSAR )

(sin2 { + cos? t) =a’
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8(ii)

M(asin3 t ’ acos’ tj
Midpoint of 4B is 2 2
3
acos’ t
and y=
Y 2

=asin’t=2x and acos’t=2y
2 2 2 2
:>(asin3t)3 =(2x)3 and (acos3t)3 =(2y)3
2 2 2 2
= a®sin’t=(2x)3 and a3 cos’t=(2y)3

Adding,

2z 2 2
23 x3+y3 :a3(sin2t+coszt)

22
=>x3+yd=|=
g (J

.3
asin’ ¢
Set x =

W [N

8(iii) | The curve C is symmetrical about the x and y axes.
Area enclosed by C

0
K
= 4"‘2acos5 t(Sasin4tcost) dt
0
K
= 20a2j 2sin* rcos® 1 dr
0

~0.37a°

9(i)

R

, 223_522+2ZER.ThuS for aER’
223—522+2Z+(a+3)i20
—27° -5z 4+2z=0 and a+3=0

=>z(22—1)(z—2)=0 and a=-3
z(2z—l)(z—2)=0:>z:(),%,2

If z=0, then =2z-1=-1<0
1
zZ=—
If 2 then
Hence z = 2.

which is impossible.

’W’ =0=>w=0 which contradicts W# 0

9Gi) | [w=2(2)-1=3

T .. T 3 3\/5.
w=3| cos—+isin— |=—+——1
3 3 2 2
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9(iii)

>20212021

er

[w[" >20212021

3" >20212021
1220212021
n>—m———
g3

So least n is 16.

~153

9(iv)

For W tobea positive real number,
mgw 622 m= K
= kagw HWR, m= K

:%zﬁ,&n, K

=k=0,6,12,K

So least positive integer & is 6.

103)

0)(1
01|l4
1)l6) 6

0 =34.5°

cosO =

10(ii)

1 0 1
r=|2|+t|0|+s| 4
3 1 6

-4

r 1]
0
+y

=
Il
- O O
X
W N~ Nk
(e}

—4x -2

10(ii

2 1 0 1
6 |=|2|+t]0|+s]|4
12 3 1 6
2=1+s5s=>s=1

12=3+t+6(1)=1t=3
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10(iv) 3 1
lir=|2+A]2],AeR
1 0
3 1
M+
OF =| 2 |+4|2
1 0
Let the final position vector of balloon be X.
2
XK1 |=
0
3 2 2 2
2(+A|1|—| 6 1[=0
1 0) (12)/10
2-4+A(4+1)=0
12
5
3 2 19
[ 2 1
OF =12 |+=|1|==|12
5 5
1 0 5
4 2 3 2 2
XF = (lg) +(_3§) +(-11)° =11.7
11(i)
)
y
X
74
1
21
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11(ii) | Using GC, the coordinates of the equilibrium point is (16.3, 49.7).

11(iii Let 9 be the quantity at equilibrium point. Thus
q@
CS.= jo D(¢)dq - p.q,
qe q
_ jo (75-1.227)dg - p.q.
9.
1.22¢
= 75q - - peqe
In(1.22) |,

=289.40

4.
P.S.=p.q. —fo S(q)dgq

= p.q. —_[0’ (2(1.22")—1) dg

2(1220) "
N
0

In(1.22)

=578.80

11(iv) 75-1.22% =2(1.22%) -1
=3(1.22)% =76

Let 4¢ be the quantity at the new equilibrium point. Thus
75-1.22% =2(1.22% ) —1=2(1.227)(1.22% ) -1
= (1+2(1.227))(1.22)% =76

Dividing, we have

3
1+2(1.227%)
Also, we have
p, =2(1.22)% -1
P =8(q. —a)=2(1.22)" " —1=2(1.22)“(1.22)* —1
Thus
P+l 2(1.22)°(1.22)%
p.o+l 2(1.22)%
=(1.22)(1.22)% %
_3(1.22)
C14+2(1.227%)
3
S (1.22)+2

(1.22)% % =
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11(v) p=75-1.221
_ In(75 - p)
In(1.22)

3(p, +1
p::—(pe4 ) _1_35.0588
Using Gv), 022" +2

Using GC,

pe —
Increase = J In(75=p) dp
s In(1.22)

=255 (to nearest whole number)
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