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1 
 

The points P and Q have position vectors p and q respectively, which are non-zero and non-parallel. The 
points P and Q are fixed and R, with position vector r, varies.  

(a) Given that (2 )− × =pr p 0 , describe geometrically the set of all possible position vectors of r. [2] 
 
(b) If λ= +r q p , where 0λ < , show that the area of triangle PQR is ||k ×p q  where k is a constant to be 

determined in terms of λ  . [3] 
 
 
 

 

2 (i) On the same axes, sketch the curves with equations 3 2
3

ax ay
x

− +
=

−
 and 

3
ay x= , where 1a > , giving 

the equations of the asymptotes and the coordinates of the points where the curves meet the axes. [3] 

 

(ii) Hence, solve the inequality 3 2
3 3

ax a a x
x

− +
>

−
, giving your answer in terms of a. [3] 

 
 

3 (i) By first expressing  
( )

1
! 2r r +

 in the form 
( 2)! ( 1)!

A B
r r

+
+ +

 where A and B are constants, find 

( )1

1
! 2

n

r r r= +∑ . [3] 

 
 

(ii) Hence, explain why the series 
( )

( )1

11 ! 2
3
! 2

r

r

r r

r r

∞

=

 + + 
 

+∑  converges and find the exact sum to infinity of this 

series.  [4] 

 

 

4 A curve C has cartesian equation  

,  0 1
1

xy x
x

= ≤ <
−

. 

(i) The distance between a general point ( ),x y  on C and the fixed point ( )1,0  is denoted by s. Show that

( )22 21s x y= − + .  [1] 
 

(ii) Use differentiation to determine the coordinates of the point on C which has the minimum distance 
from the point ( )1,0 , giving both coordinates correct to 4 decimal places.  [5] 

 [You need not prove that this distance is a minimum]   

 

(iii) Find this minimum distance. [1] 
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5 (a) The curve f ( )y x=  has a horizontal asymptote y k= and cuts the axes at ( ,0)a  and (0, )b , where a, 

b and k are non-zero constants. It is given that 1f ( )x−  exists. State, if possible, the coordinates of the 

points where the following curves cut the axes and the equations of their asymptotes. 

(i) f (2 3)y x= −    

(ii) 1f ( )y x−=  [2] 

 

(b) The function g is given by e 5g : ln
e 1

x

xx
 +
 − 

 , for , 0x x∈ > . 

(i) Find 1g ( )x−  and state its domain. [3] 

 

The function h is defined by 

2h : 1 9 ( 2)x x+ − − , for , 1 5x x∈ − ≤ ≤ . 

(ii) Find the exact solutions of 2021g h( ) ln 2x = , giving your answer in its simplest form. [3] 

 
 

 
6 (a)  Find the exact value of 

1

2
3

2
d .

4 5
x

x
x x

−

−

+
+ +

⌠

⌡

 [4] 

 

 (b)  (i) Write down 
sin(ln ) d ,  where 0.x x x

x
>⌠

⌡
  [1] 

 

 (ii) Hence find sin(ln )d .x x x∫      [4] 

 

 
 

7 It is given that ln(1 e ).xy = +   

(i)  Show that d(1 e ) e 0.
d

x xy
x

+ − =      [1] 

 

(ii) By further differentiation of the result in (i), find the Maclaurin series for y, up to and including the 

term in x2. Hence find the series for 
e

1 e

x

x+
up to and including x.    [4] 

  

(iii)  Using appropriate expansion from the List of Formulae (MF26), verify the correctness of the series 
e

1 e

x

x+
found in (ii).   [3] 
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8 A curve C has parametric equations   

5 5sin ,   cosx a t y a t= =  

where a is a positive constant. 

The tangent to C at a general point with parameter t cuts the coordinate axes at the points A and B.  

(i) Denoting the origin by O, show that 
2 2 2
3 3 3OA OB a+ = .  [5] 

(ii) As t varies, the midpoint of the line segment AB traces out a curve. Find the cartesian equation of this 

curve in its simplest form.   [3] 

(iii) Find, in terms of a, the area enclosed by the curve C, giving your answer in the form 2ka  where k is to 

be determined correct to 2 decimal places. [3] 

 

 

9 The complex numbers z and w where 0w ≠  satisfy the relation  
2 1z w= + . 

(i) It is given that a is a real number and that a and z satisfy the equation ( )3 22 5 2 3 i 0z z z a− + + + = . 

Explain, with justification, why 3a = −  and that the only possible value of z is 2.  [6] 

It is given that πarg
3

w = . 

(ii) Express the complex number w in the form ip q+  where p and q are in non-trigonometric form.  [2] 

(iii) Find the least integer n such that 20212021nw > .  [2] 

(iv) Find the least positive integer k such that kw  is a positive real number.  [2] 
 

10 One day, Eddie came home from a birthday party and brought back a helium filled balloon. After playing 

with it, he accidentally released the balloon at the point (1, 2, 3) and it floated vertically upwards at a speed 

of 1 unit per second. Shortly after t seconds, a sudden gust of wind caused the balloon to move in the 

direction of 4 6+ +i j k . 

You may assume that z = 0 refers to the horizontal ground. 

(i) Find the angle in which the balloon has changed in direction after the gust of wind blew it away.  [3] 

(ii) Find the Cartesian equation of the plane that the balloon is moving along.  [3] 

(iii) Given that the balloon eventually stayed at the point (2, 6, 12) on the ceiling, find the time t when the 

gust of wind blew the balloon away. [3] 

 

Eddie decides to shoot the balloon down with his catapult.  

(iv) Assume he was holding his catapult at (3, 2, 1) initially and he walked along the path parallel to 2 +i j . 

Find the position vector of the point where he should place his catapult so that the distance between 

his catapult and the balloon is at its minimum. Hence find this distance.   [4] 
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11 In economics, a supply and demand chart is made up of two curves: the supply curve and demand curve. 
The supply curve is a function that shows how the price of a product, P , is related to the quantity, q , 
supplied during a given period of time. The demand curve is a function that shows how the price of the same 
product is related to the quantity demanded during a given period of time. Due to the nature of the curves, 
they will intersect at a point which is known as the equilibrium point.  

For a particular product, the demand curve is given by the equation ( ) 75 1.22qD q = −  where 0 21q≤ ≤  and 

the supply curve is given by the equation ( ) 2(1.22) 1qS q = −  using the same domain.  

(i) Sketch both curves on the same diagram. Your sketch should indicate the axial intercepts of both 
curves.    [3] 
 

(ii) Find the coordinates of the equilibrium point.  [1] 

Let ep  be the price of the product at equilibrium point. The area between the demand curve, the line eP p=  
and the line 0q =  is defined as the consumer surplus. In a similar fashion, the area between the supply 

curve, the line eP p=  and the line 0q =  is defined as the producer surplus. 

(iii) Without using a graphing calculator, determine the consumer surplus and producer surplus, leaving 
both answer to 2 decimal places. [4] 

 

A global increase in production lead to a shift of the supply curve to the right. The equation of the new curve 
is given by ( )S q a−  where a  is a positive constant. The price of the product at the new equilibrium point 

is denoted by ep∗ .  

(iv) Show that 3
1 (1.22) 2
1

e

e
a

p
p

∗

=
+
+

+
. [4]  

 
(v) For the case when 4a = , find the increase in the consumer surplus, leaving your answer to the nearest 

whole number.   [2] 
 

 


