2021 Preliminary Examination
PU3 MATHEMATICS 9758/02

Solutions
Section A: Pure Mathematics
Qn Solution
1 Given that @ is a sufficiently small angle,
[4] 1
sin 28 +cos @
N 1
~ 2
20+1- 9—
2

z1—23+292
2

where a=-2, b =2
2
Qn Solution
2 dv  y*-2y+5
[6] dr y=2

y—2 (d_yjﬂ
¥ =2y +5\dx

y=2
————dy=|1ldx
Iyz—2y+5 4 I

1| 2(y-2)
—| 5————|dy=|1dx
j2_y2—2y+5} 4 I

E ﬂ}dy:ﬁdx

_y2—2y+5
1 2y-2 2
— - dy=|1dx
ZI_y2—2y+5 y2—2y+5} 4 j
1 2y-2 2
- - dy={1dx
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[3]

Qn Solution
1 ln|y2—2y+5|—2 1 tan”' =1 =x+c
2 2 2
1 B y—l
—|In(y*=2y+5)—tan'| =— ||=x+c
2{ (2 =2y+3) (2 H
When x=0, y=1,
1
—|Ind4—tan' (0) |=0+c
ina—an (0]
1
c=5m4=m2
1 B y—l
—|In(y*=2y+5)—tan'| Z— | |=x+1n2
2{ (7 -2r+3) ( 2 ﬂ
Qn Solution
3(i) f(x):ln(2+2sinx)

f'(x)z 2cosx
2+ 2sinXx

COS x

1+sinx

Method 1: Apply Quotient Rule
£2(x) = (1+sinx)(—sinx)—(cosx)(cosx)

_ —sinx—sin® x —cos’ x

(1+sin x)2

(1+sin x)2

—sinx — (sin2 X + cos’ x)

(1+sin x)2

—sinx—1

(1+sin x)2

~ —(sinx+1)

(1 + sinx)2
-1
 l+sinx

Therefore, k =—1.

Method 2: Apply Product Rule
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Qn Solution

£'(x) = lj":l;‘x = (cos x)(1+sinx)”

f"(x)=(cosx)(1+sin x)_1
=(cos x)[—l(l +sin x)f2 (cos x)} +(1+sin x)f1 (—sinx)

—cos*x sin x

(1+sin)c)2 l+sinx

—cos’ x—sinx(1+sinx)

(I+sin x)2

—cos’ x—sin x—sin* x

(1+sin x)2

—sinx —(cos2 X +sin? x)

(1+sin x)2
B —(sinx+1)
(1+sin x)2
-1

1+sinx

Therefore, k =-1.

3(ii
[g;) f"(X) —

_ 1 . -1
1+sinx ( +smx)

f"(x)=(1+sin x)_2 (cosx)
When x=0,
f(O) = ln(2+2sin0) =In2

cosO
f'(0)= =1
() 1+sin0

£"(0)=

1+sm0
f"(0)= (1+sm0) (cos0)=1

Therefore,
f(x)=1In(2+2sinx)

1 1
=ln2+x—5x2 =X+

3(iii) 2 2 1 1
1] J.Of(x) dxzjo (ln2+x—5x2+gx3j dx

~2.7196 = 2.72 (3 s.f.) (from graphing calculator)
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Qn Solution
4 (i) | Plane p is parallel to
2] 0) (k) (k -1y (0 (-4
2 |- 2 1|=|0]and| 3 || 2 |=| 1
-1 5 —6 -1 -1 0
k -1 6
Normal of p is parallelto | 0 |x| 1 |=|3]|.
—6 0 k
Hence equation of p is
6 0)(6
re 3 |=| 2 4 3|=(0)(6)+(2)3)+(-1)(k)=6—k.
k -1)\k
Cartesian equation is 6x+3y+kz =6—k. (shown)
4 (ii) x+2 z—4
l: =y-2=
2] R 6
x+2 z—4 ! n= {3}
Let A= =y-2=
3 7 k L ¢
x=-2-34 ‘
y=24+4 :
z=4+kA
-2 -3
[:r=| 2 |+4] 1|, 2eR
4 k

Method 1: Show / is not parallel to normal of p.

Suppose [ is perpendicular to p, then / is parallel to the normal of p, i.e.
-3 6

1 |=¢| 3|, forsome reR.

k k
3=61 t:_?s
=4 1=3t > t:E
k=t | ]

Since there is no unique value of ¢, / is not parallel to the normal of p, i.e. [ cannot
be perpendicular to p. (shown)

Method 2: Show / is not perpendicular to a direction parallel to p.
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Qn Solution
-4
Suppose / is perpendicular to p, then / is perpendicular to the | 1 |. [from (i)]
0
-3) (0.5
Since| 1 |¢f 1 [=1.54+41=2.5%0,
-2 0
-4
/ is not perpendicular to the | 1
0
= [ cannot be perpendicular to p. (shown)
(i) 2 (3
Bl 1y =] 2 [+4] 1], 2er
4 -2
6
p: re| 3 |=8
-2
-2-31 6
244 || 3 |=8
4-22 -2
—12-184+6+31-8+441=8
-111=22
A=-2
-2-3 (—2) 4
position vector of N =| 2+(-2) |=|0
4-2 (—2) 8
Coordinates of N(4 ,0, 8).
4(iv) | Method 1: Length of Projection
[3] | Let the point of intersection of / and 7 be M.
—2-31
Since M lies on /, OM =| 2+A | forsome 1eR
4-22
4 -2-34 6+34
MN=|0|-| 244 |=|-=2-2|
8 4-24 4424
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Solution

6+3ﬂ)
-2 S
4+2/1J V6 +3+(2)" |

%|36+18/1—6—3/1—8—42|:11 T

Perpendicular
distance

22+114|=77
22+4114=77 or -77
112 =55 or —99

Perpendicular
distance

A=5o0or -9

—2-3(5)
2+(5) |or
4-2(5)

-17

-2-3(-9)
2+(-9)
4-2(-9)

OM =

Hence, possible points of intersections between / and 7 are (—17, 7,
-7, 22).

Method 2: Distance between two planes
6

Let the equation of 7 be re 3
-2

=d

Distance between p and 7 = ‘

8 a
JE+3+(<2) 6r+3 +(-2)

=11

‘8—0

8—a|=77
8—a=77 or =77
a=-69 or 85

Hence possible equations of 7 are
6 6

re{f 3 [=—69 or re¢ 3
-2 -2

To find the point of intersection between / and 7 :

=85

—6) and (25,
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Qn Solution
For 7: re 3 |=-69,
-2
-2-34 6
2+A4 || 3 |=-69
4-24 -2
—12-182+6+31-8+41=-69
—111=-55
A=5
—2—3(5) -17
OM=| 2+(5) |=| 7
4-2(5) —6
6
Similarly, for 7: re 3 |=85,
-2
-2-32 6
244 || 3 |=85
4-22 -2
—12-181+6+31—-8+41 =85
-111=99
A=-9
—2—3(—9) 25
OM =| 2+(-9) [=|-7|.
4—2(—9) 22
Hence, possible points of intersections between / and 7 are (—17, 7, —6) and (25,
—-7,22).
Qn Solution
5[§1]) Substitute x=t+%+4,y:t—%+lintoy:x—Z—xi3,
We have t—l+1:(t+l+4j—2— !
! ! (r+1+4j—3
t
:>t—l+1:z+l+2— !
! t t+i+1
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2 ¢ 2 +1
=>-—=1-5 =2
t t“+t+1 t+r+1

= 27 —2-2=0+t

= 4+2743t+2=0

Method 1: Use graphing calculator
From graphing calculator, # = —1 is the only real solution.
Hence, curve D and E intersect only once at t = —1.

Method 2: Factorise

£ 42 +3t+2=0

t+D)(E+t+2)=0

t=—1ort> +t+2=0 (no real solution)

Hence, curve D and E intersect only once at t = —1.

Whent=-1,x=2and y=1.
The coordinate at 1 =—1 is (2,1).

5(ii)

Ay
[2]
7(2»1)
» X
0]
Curve D
5@iii) | Using x=¢+3,
[3] 1 1
=(t+3)-2—-————=1+1——.
y=t+3) (1+3)-3 t

Xx<L2=>t+3<2=¢t<-1

1
Curve E: x=t+3, y:t+1—;, t<-1

(2.1)
Curve E ﬂ
> x
/ Curve D

Ay

—
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5(iv)
[4]

Method 1: Using x-axis (both curve in parametric form)
For the Curve D:

x:t+l+4:>g=1—i2

t dt t
When x =0, t=—\/§—2(given)
When x=2, t=-1
For the Curve E:
x:t+3:>£:1

dr

When x=0, t=-3
When x=2, t=-1

Area

:J._;(t—%+lj(l)dt—J‘_%_Z(t—%rlj(l—tizjdt

=1.3929 units’. (4 d.p.)

Method 2: Using x-axis (1 cartesian, 1 parametric)
For the Curve D:

x=t+l+4:>g:1—l2

t dr t
When x =0, t=—3 —2(given)
When x=2, t=-1

Area

=1.3929 units’. (4 d.p.)

Method 3: Using y-axis

For the Curve D:
1 dy 1
=t——+1l=>—=1+—
Y t dt s

At y-intercept (x=0), ¢ = —J3-2 (given)
When y=1, t=-1

For the Curve £:
1 dy 1
=t+l-——=>—=1+—
Y ¢t de s

At y-intercept (x =0), t=-3
When y=1, t=-1
Area

=J'J1§2[t+%+4j(1+%)dt—j31(t+3)(1+ti2jdt

=1.3929 units’. (4 d.p.)
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Section B: Probability and Statistics

Qn Solution
6() | P(B)=P(AUB)-P(4ANB")
1 =0.8-0.55

=0.25

6(ii) | Probability that neither 4 nor B occurs
[1] =P(4'nB")

=1-P(4UB)
=1-0.8
=0.2

6(iii) | Method 1

2] | P(B'nC)

=P(B')xP(C) -+ B and C are independent,
B' and C are independent,
= (1-0.25)(0.6)
=0.45
Method 2
P(B'NC)
=P(C)-P(BNC)
=P(C)-P(B)P(C) -+ B and C are independent
=0.6-(0.25)(0.6)

=0.45
6(iv) | Let P(4nB'nC) bex.
3]

Since P(B'nC)=0.45,
then P(A'mB'mC) =045-x.
Therefore, 0.45—-x>0= x<0.45

Since P(4UB)=0.8,then 0.45-x<0.2.
=x2>0.25.

Therefore, the range of values of P(4ANB'NC) is 0.25<x<0.45.

7(@) | The sample size should be at least 30 so that it is large enough for the sample
[2] mean mass of almond flour per packet to follow a normal distribution
approximately.

These packets should be randomly selected.
7(ii) | Unbiased estimate of the population variance,

4
[4] 2 :%(4'3)2 =18.964 (5s.f)
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Qn Solution

Let X be the mass, in grams of a randomly chosen packet of almond flour,
4 be the population mean mass of almond flour per packet

This is the population mean.

18.964]
40

Under H, since n =40 is large, by Central Limit Theorem, X ~N ( 7

approximately.

)?_ﬂo
18.964
40

1-tail z-test is used at a = 0.01:

Test statistic, Z = ~N(0,1).

23263 0
“Concluded that the mean mass is not overstated” infers that Ho is not rejected.

. . . 248.5- D
Since Hy is not rejected, the test statistic value 76'::0 does not lie inside

40
the rejection (critical) region.

2485 My o 53963
18.964
40
248.5— 41, > —2.3263( /18'964J
40
—u, > ~250.10

M, <250.10 (2d.p.)

7(iii) | “at the 1% level of significance” means 0.01 is the probability of concluding that
[1] | the population mean mass of almond flour per packet is overstated when it is in

fact p, grams.

Qn Solution

8(i) | Let X be the number of patients who reported symptomatic relief after consuming
[1] | the medication, out of 12, in a clinic.

X ~B(2, p).
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Solution

P(X =10)="C,,p" (1~ p)’

=66p" (1-p)’.

8(ii)
(4]

Since the mode is 10,
P(X =10)>P(X =9)
66p" (1- p)’ > 2C,p° (1-p)’
66p" (1-p)* >220p° (1-p)’
Divide throughout by p’ (1 - p)3 :
66p >220(1-p)
66p >220—220p
286p > 220

10

>_
P=13

P(X=10)>P(X =11)
66p" (1-p)" > C,p" (1-p)
66p" (1-p)’ >12p" (1-p)
Divide throughout by p'°(1-p):
66(1—p) >12p
66—66p>12p
—66p—12p > —66
—78p > —66

11

<_
P13

Therefore, the possible range of values of p is
10 11

—< <—.
137513

8(iii)
1]

Let Y be the number of patients who reported symptomatic relief after consuming

the medication, out of 15, in another clinic.
Y ~B(5, 0.8).

P(Y =15)~0.035184=0.0352. (3 5.

8(iv)
[3]

Required probability

=P (¥ 28)x(P(Y =15)) x3
=(1-P(¥ £7))x(0.035184)" x3
=0.00370 (to 3 s.f.)
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5]

Qn Solution
9(i) | Possible values of M: 0, 1, 3,4
[S] | Total number of notes: n+3
P(M =0)=P(draw 2 $1 notes) + P (draw 2 $2 notes)
:n(n—lj+2(l)
n+3\n+2) n+3\n+2
B n—n+2
_(n+3)(n+2)
P(M = 1) = P(draw $1 note and $2 note)
__n ( 2 sz
n+3\n+2
B 4n
_(n+3)(n+2)
P(M =3)=P(draw $2 note and $5 note)
= 2 ( ! ]x2
n+3\n+2
3 4
_(n+3)(n+2)
P(M =4)=P(draw $1 note and $5 note)
. ( ! ij
n+3\n+2
B 2n
_(n+3)(n+2)
9(ii) | E(M)

st e e

_2n412 12(n+1)
(n+3)(n+2) (n+3)(n+2)'
E(x7)

B

_ 4n+36+32n  36(n+1)

(n+3)(n+2) (n+3)(n+2)
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Qn Solution

Var(M)

=E(M*)-[E(M)]
_36(n+1) _{ 12(n+1) }
(n+3)(n+2) (n+3)(n+2)
_36(n+1) '1 4(n+1) }

(n+3)(n+2)_ (n+3)(n+2)
36(n+1) | n®+5n+6—4n—4
(n+3)(n+2)_ (n+3)(n+2) }
_ 36(n+1) [ nPens2 }
(n+3)(n+2)| (n+3)(n+2)

_ 36(n+1)(n’ +n+2)

(n+ 3)2 (n+ 2)2
i) | -7
[1] Given that Var(M ) = 36 ) VL3601 I+ Re2DI AL (o3I T RCH 2,
36(n+1)(n* +n+2) 77 = T
(n+3) (n+2) 3
Using GC graph, since n>2, n=06
Qn Solution

10() | (A) y=ax’+b,where a is negative and b is positive

2] y

A

© Millennia Institute 9758/02/PU3/Prelim/21

Solution



15

Qn Solution
(B) y=clnx+d, where c is negative and d is positive
y
A
X
X
X
X
X x
> x
10(ii) W (©C
19.5 - X
L X
X
i X
i X
: X
R X
0.25 3
t (hours)
As the points do not lie close to a straight line, a linear model is not appropriate.
[Accept: As IV decreases at a decreasing rate, a linear model is not appropriate.]
10@iii) | (a) r-value for ¢ and W is —0.8675 (4 dp)
Bl | ) r-value for 2 and W is —0.7294 (4 dp)
(c) r-value for In¢ and W is —0.9822 (4 dp)
10(iv) | Since for the scatter diagram for case (B). y decreases at a decreasing rate and ||
3 —
B3l is closest to 1 for the case (¢), hence the most appropriate model is W =elnt+ f .
Regression line:
W =-1.7295Int +16.929
W=-173Int+16.9 (3s.f)
10(v) | When W =16,
2]
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Qn Solution
16 =-1.7295Int +16.929
t=1.7111
=1.71(3s.f)
Time taken is 1.71 hours.
Since W =16 lies within the given data range of / and |r| is close to 1, this
estimate is reliable.
Qn Solution
11(i) | Method 1: Standardise
[2] | L~N(5000,07%)
P(SOOO—O' < L <5000+ 20')
5000 -0 —-5000 5000+ 20 —5000
=P <Z<
o o
=P(-1<Z<2)
=0.81859=0.819 (to 3 s.f.)
Method 2: Use GC
Note: By the “68-95-99.7” rule of all normal distributions, it does not matter what
the unknown o value is in order to find P(SOOO —o <L <5000+ 20). Hence, we
can key in any o value into the GC to obtain the answer. (In the example below,
o =2 is used. You can check that you will obtain the same answer regardless of
which o value you use.) This only works when the probability we are finding
involves the random variable being an integer value of o away from the mean.
normalcdf (S000-2,5000+2(2»
lower:5Q00-2 ... 2.8185946784
upper:5000+2(2) ]
15000
g2
Paste
Using GC, P(SOOO —0 <L <5000+20)=0.81859=0.819 (3s.f)
11(ii) | Method 1: Use GC (Graph)
[2] | L~N(5000,07%)
P(L>4990)=0.943
Method 1: GC
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Solution

Intersection
X=6.3272444 ¥=0.943

From GC: 0 =6.3272.
Therefore, o° = 6.3272° = 40.033 = 40.0 (to 3 s.f)) .

Method 2: Standardise
P(L > 4990) =0.943

P(Z S 4990 —5000
O

P(Z > —_10) =0.943
o

]: 0.943

Using GC inverse norm,

—10 _ 1 5505
O

1.58050 =10
o= 10 =6.3271
1.5805

= 0’ =6.3271° =40.032 =40.0 (to 3 s.f)

11(iii)
[1]

S ~N(1000, 25)

P(S<1002)
=0.65542 = 0.655 (to 3 s.f)

11(3iv)
[2]

Let A be the number of small cans, out of 20, with the amount of oil in the can to
be at most 1002 millilitres.
A~ B(20,0.65542)

P(4<10)
=P(4<9)
=0.047670 = 0.0477 (to 3 s.f.)

11(v)
3]

The required probability is P(L > 55 +30)=P(L-5S > 30).

E(L-55)=5000-5(1000)=0
Var(L-55)=40+5%(25) =665

Therefore, L —5S ~ N(0,665).
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Solution

P(L-5S >30)
=0.12234=0.122 (3 s.f)

11(vi)
[4]

Let C=0.13(L + L, +...+ L;)+0.05(S, +5,), where C refers to the total cost of 6

large cans of Type A industrial lubricating oil and 2 small cans of Type B

industrial lubricating oil.

We want to find P(C >3995).

E(C)

=E(0.13(L, + L, +..+ L )+0.05(5, +5,))
=(0.13)(6)(5000) +(0.05)(2)(1000)

= 4000

Var (C)

=Var(0.13(L, + L, +..+ L) +0.05(5, +5, )
=0.13?(6)(40)+0.05* (2)(25)

=4.181 (exact)

Therefore, C ~ N(4000,4.181) .

P(C>3995)
=0.99276 = 0.993 (to 3 5.f)
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