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Mathematical Formulae 

 

1. ALGEBRA 

Quadratic Equation 

For the quadratic equation 
2 0ax bx c   ,  

2 4

2

b b ac
x

a

  
   

Binomial Expansion    

  1 2 2

1 2

n n n n n r r n
n n n

a b a a b a b a b b
r

       
           

     
 , 

where n  is a positive integer and 
 

   1 1!

! ! !

n n n n rn

r r n r r

   
  

 
  . 

 
 

2. TRIGONOMETRY 

Identities         

2 2sin cos 1A A   

2 2sec 1 tanA A   

2 2cosec 1 cotA A   

 sin sin cos cos sinA B A B A B    

 cos cos cos sin sinA B A B A B   

 
tan tan

tan
1 tan tan

A B
A B

A B


   

sin 2 2sin cosA A A  

2 2 2 2cos 2 cos sin 2cos 1 1 2sinA A A A A       

2

2 tan
tan 2

1 tan

A
A

A



 

 

Formulae for ABC 

sin sin sin

a b c

A B C
    

 
2 2 2 2 cosa b c bc A    

1
sin

2
bc A    
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1 (a)  Sketch the graph of of  2log 3 1y x  and label the point where
1

3
x  . Explain 

why 
1

3
x   .  [3] 

 

 

 

 

 

 

 (b) Solve 
2 2

1
log (3 1) log (3 1) 1

2
x x    .   [4] 

  

 

 

 

 

1
2

2 2

2

2

2

2 2

2

2

2

1
log (3 1) log (3 1) 1

2

log 3 11
log (3 1) 1

2 log 2

1
log (3 1) 2 log 3 1 1

2

log (3 1) 3 1 1

(3 1) 3 1 2

9 1 2

1

3

x x

x
x

x x

x x

x x

x

x

   

 
   

 
 

 
     

 

  

  

 



 

 

 

 

 

 

 

 

 

 

 

Asymptote – B1 

Shape and point 
1

( ,1)
3

 -B1 

 2log 3 1

2 3 1

2 0

3 1 0

1

3

y

y

y x

x

x

x

 

 



 

 

  
A1 

 

  x 

y 

M1 – change base 

M1 

1

3

0.192

x

x





  

 

1

3

rejected

x  
  A1 

A1 
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2 

 

 

 

 

 

 

 

 

 

 

 

The diagram above shows an arch bridge. The arc AFTEB is part of a circle with centre P, and 

AB is a chord 8 m. Point T is 1 m vertically above point M which is the midpoint of AB. CF and 

DE are perpendicular to chord AB. The arc AFTEB can be modelled onto the coordinate plane 

below, where C and D are (-3, 0) and (3, 0) respectively. 

 

 
 

 (i) Show that P is  0, 7.5 .  [2] 

 

 

 

 

 

    0, 7.5P    

 

x 

y 

T 

C A M 

F E 

D B 

P 

x 

y 

T (0, 1) 

C (-3, 0) 

A (- 4, 0)  

M (0, 0) 

F E 

D (3, 0) 

B (4, 0) 

P 

x 

 
22 2

2 2

1 4

2 1 16

2 17

8.5

r r

r r r

r

r

  

   





  

M B 

P 

4 

r -1 r  

M1 

A1 
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2 (ii) Find the equation of the circle. [1] 

  Centre  0, 7.5P   and radius 8.5 

  Equation of circle is  

 
22 2

2
2

2
2

7.5 8.5

15 289

2 4

15
4 4 289

2

x y

x y

x y

  

 
   
 

 
   

 

 

 (iii) Calculate the height of the pillar CF. [2] 

  At x = 3,  

  

 

 

22

2

289
3 7.5

4

253
7.5

4

253
7.5

4

0.453  or  15.5

y

y

y

y y

  

 

  

  

  

  

   height of the pillar = 0.453 m 

 

 (iv) Find the equation of tangent at point B. [3] 

  PB is perpendicular to the tangent at point B. 

  Gradient PB = 
7.5 15

4 8
   

  Gradient of tangent at point B = 
8

15
   

 

  Equation of tangent at B is 

 

 
8

4
15

8 32

15 15

15 8 32

y x

y x

y x

  

  

  

 

 

 

 

B1 

M1 

A1 

M1 

M1 

A1 
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3 (a) Solve 4 12 3 2x x    .     [3] 

 

 

4 12 3 2

4 3 3 2

2 3 3 2

3 2

3 4

1

x x

x x

x x

x

x

x

   

   

   

 

 



 

  

 

 

 

 

 

 

 

 

 

(b) The volume of right circular cone is 4 3cm . The radius of its base is 

 1 2 cm . Find, without the use of a calculator, the height of the cone in the 

form  2 cma b , where a and b are integers.    [3] 

 

 

 

 

 
 
 

 

 

2

2

1
Vol of cone =

3

1
4 1 2

3

12 1 2 2 2

3 2 212

3 2 2 3 2 2

12 3 2 2

9 8

12 3 2 2

36 24 2

r h

h

h

h



  

  


 

 






 

 

  

 

 

 

 

 

 

 

 

 

 

 

2

2

4 12 2 3

4 12 4 4 3 3

3 5 4 3

9 30 25 16 3

9 14 23 0

23
1  or  

9

x x

x x x

x x

x x x

x x

x x NA

   

     

  

   

  

  

  
M1 

M1 

M1 

A1 

A1 – must show both 

M1 

M1 

A1 
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4 A particle moving in a straight line, passes through a fixed point O with a velocity of 

4 m/s. Its acceleration t seconds after passing through O, is 2s m )86( t .  Find 

 (i) the minimum velocity of the particle, [4] 

 

  

2

(6 8)

6 8 

3 8 ,  is an arbitrary constant

a t

v t dt

t t c c

 

 

  

  

 

  At t = 0, v = 4 c = 4 

  23 8 4v t t     

  Min velocity when a = 0, 
8 4

6 3
t     

  At 
2

2

4
, 6 0

3

d v
t

dt
    

  

2
4 4 4

minimum velocity, 3 8 4 m/s
3 3 3

v
   

        
   

  

 

 

 

 (ii) the time when the particle first comes to an instantaneous rest, [2] 

 

    

2

0

3 8 4 0

3 2 2 0

2
  or  2

3

v

t t

t t

t t



  

  

 

 

 

  it first comes to rest at 
2

3
t   s 

 

 

 

 (iii) the distance travelled in the 2nd second.  [3] 

 

  

   

2 2

1

2

1

3 8 4

3 2

8 16 8 1 4 4

1

4 4

s t t dt

t t t

  



       





  
      or  

 

 

 

M1 

M1 

M1 

A1 

M1 

A1 

3 24 4s t t t c      

t = 0,  s = 0 c = 0 

at t = 1,  s = 1- 4 + 4 = 1 

at t = 2, s = 8 – 16 + 8 = 0 

 

distance travelled = 1m 

M1 

M1 

A1 
A1 

M1 

M1 
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5 (i) Prove that cosec2 cot 2 cotx x x  . [3] 

  

2

1 cos 2
cosec2 cot 2

sin 2 sin 2

1 cos 2

sin 2

2cos

2sin cos

cos

sin

cot

x
x x

x x

x

x

x

x x

x

x

x

  










 

 

 

 

 (ii) Hence, deduce the value of cot15  in surd form. [2] 

  

cot15 cosec30 cot 30

1 1

sin 30 tan 30

1 1

1 1
2 3

2 3

   

 
 

 

 

 

   

 

 

 (iii) Using part (i), solve cosec2 cot 2 6 5 tanx x x    for 0 360x      [4] 

 

  
  

2

cosec2 cot 2 6 5 tan

cot 6 5 tan

1
6 5 tan

tan

5 tan 6 tan 1 0

5 tan 1 tan 1 0

1
tan                or      tan 1

5

11.30993                45 ,225

11.3 ,191.3

x x x

x x

x
x

x x

x x

x x

x

x



  

 

 

  

  

 

    

  

 

 

M1 

M1 

A1 

M1 

A1 

M1 

M1 

A1 

A1 
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6 (a) It is given that   2 3x xg x e e  .  Solve the equation  g 1 0.x    [4] 

  

  

1

2

2

2 3 1 0

Let ,

2 3 1 0

2 1 1 0

x x

x

e e

p e

p p

p p

  



  

  

 

 

  

1
2

1

2

1

2

1 1
ln

2 2

1.39

x

p

e

x

x





 
  

 

 

  

 (b) The function f (x) is such that   2'f 3 x xx e e  . 

 (i) Given that  f 0 4 , find an expression for f (x). [3] 

  

 

 

 

2

2

2

0 0

'f 3

f 3

3
2

f 0 4

1
4 3

2

1
4 3

2

3

2

x x

x x

x
x

x e e

x e e dx

e
e c

e e c

c

c







 

 

  



  

  





 

  
2 3

f 3
2 2

x
x e

x e


     

 (ii) Show that  
0

n 2l

'f x dx k


 , where k is a constant to be determined. [3] 

1
2

1

1

1
0

2

0

x

p

e

x

x









  

M1 

M1 

A1 

A1 

M1 

M1 

A1 



Page 10 of 21 

 

 

Methodist Girls’ School                       Additional Mathematics Paper 2         Sec 4 Preliminary Examination 2021 
 

 

 
0

n 2l

'

0
2

ln 2

0 0 ln 2 2ln 2

f 

1
3

2

1 1
3 3

2 2

1 3 1
2 4

2 2 2

3

x x

x dx k

e e k

k e e e e











 
  

 

    
       

    

 
    

 





  

7 (a) (i) An equation of a curve is 4 32y x x  . Find the coordinates of the 

stationary points and determine the nature of the stationary points.   [5] 

 

  

 

4 3

3 2

2

2

4 6

0

2 2 3 0

3
0     or    

2

y x x

dy
x x

dx

dy

dx

x x

x x

 

 



 

  

 

  

2
2

2

2

2

12 12

3
At , 9 0

2

3 27
At ,

2 16

3 27
,  is a minimum point

2 16

d y
x x

dx

d y
x

dx

x y

 

   

   

 
  
 

 

 

 

 

 

 (ii) Explain whether y is increasing or decreasing for 1.5 0.x      [2] 

 

   

 

 

3 2 2

2

4 6 2 2 3

3
0, 0

2

2 3 0

0

dy
x x x x

dx

x x

x

dy

dx

   

   

 

 

 

 

   y is an increasing function for 1.5 0.x    

 x < 0 x = 0 x > 0 

dy

dx
  +ve 0 +ve 

 

 

(0, 0) is a point of inflexion 

M1 

M1 

A1 

M1 

A1 

M1 

A1 

M1 

M1 

A1 
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OR 

 

   

 

 

 

 

 Describe clearly that gradient of graph of x> -1.5 is positive and the gradient of graph less 

than zero is also positive, hence y is an increasing function for 1.5 0.x    

 

7 (b) Two variables x and y are related by the equation 

4

8 1
2

x
y

 
  
 

. Given that both 

x and y vary with time, find the value of x at the instant when the rate of change 

of y is twice the rate of change of x.  [3] 

 

 

4

3

3

1
1

8 2

1 1
4 1

8 2 2

1
1

4 2

x
y

dy x

dx

x

 
  

 

   
     

   

 
  

 

 

 

3

3

3

2

1
2 1

4 2

1
2 1

4 2

8 1
2

1 2
2

3
2

6

dy dx

dt dt

dx x dx

dt dt

x

x

x

x

x

 
  

 

     
      

     

 
  

 

 
  
 

 





 

 

 

 

 

 

 x = −1.5 x > −1.5 x < 0 x  = 0 

dy

dx
  0 +ve +ve 0 

M1 

A1 

M1 
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8 The population P, in millions, of a country was recorded on January of the various years 

and the results are shown in the table below. 

Year 2005 2010 2015 2020 

P 12.95 14.67 17.52 22.11 

 

 Given that 10 tP ab  , where t is the time measured in years from 2000 and a and b 

are constants. 

 

 (i) Draw the graph of  lg 10P  plotted against t, for 0 25t  .  [3] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

t 5 10 15 20 

 lg 10P    0.470 0.669 0.876 1.08 

 

 lg 10 lg lgP a b     

 lg 10P   

M1 

M1 
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8 (ii) Use the graph to estimate the values of a and b. [4] 

 

  
 

10

10

lg 10 lg lg

lg  is the gradient

t

t

P ab

P ab

P a t b

b

 

 

  
 

  

1.08 0.27
lg

20

0.0405

1.09

b

b








   

 

  
[0.0405 lg 0.0415]

1.09 1.1

b

b

 

 
  

 

  

lg a is the vertical intercept

lg 0.27

1.86

[0.25 lg 0.27]

1.78 1.86

a

a

a

a





 

 

 

 

 

 

 

 
 (iii) Explain how the graph could be used to find the year in which the population 

will reach 33.6 millions. [2] 
 

  To reach population of 33.6 millions, take 
lg(33.6 10) lg 23.6

1.37

 


  

 

1. Draw a horizontal line lg( 10) 1.37P    

2. The point of intersection with the linear graph will give you value t. 

t 

Axes -M1 

M1 

A1 

A1 

M1 

A1 
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3. The year is 2000 + t 

 

 

 

 

 

 

 

 

 

9 Solution to this question by accurate drawing will not be accepted. 

 
The diagram shows a kite ABCD with AB = AD and CB = CD.  The diagonals intersect at M.  It 

is given that the coordinates of A and B are (0,  6) and )1 ,5(  respectively and the equation of 

AC is 2x + y = 6. 

Find 

 (i) the equation of BD. [2] 

 

  Gradient of BD = 
1

2
  

  Equation of BD is 

 
1

1 5
2

1 7

2 2

2 7

y x

y x

y x

  

 

 

 

(ii) the coordinates of M and of D. [4] 

y 

x 

A(0, 6) 

B(−5, 1) 

2x + y = 6 

M 

O 

D 

C 

A1 

M1 
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 2 6 1

1 7
(2)

2 2

1 7
6 2

2 2

5 12 7

2 2

1

4

x y

y x

x x

x

x

y

 

 

  








  

   M (1, 4) 

 

 

9 Given further that the area of the triangle ABD is 
3

1
 of the area of the triangle CBD, 

(iii) find the coordinates of C, [2] 

 

 

 

By similar s,

1 1

4

4

x

x







  Or 

 
22 2 2

2

2

2 4 1 2

5 4 5

5 80

4

x x

x

x

x

  







  

 

 

C = (4, −2) 

 

 

 

 

 

 

(iv) find the area of the kite ABCD. [2] 

 

  Area of kite ABCD = 

   

2

5 4 7 0 51 1
10 28 42 4 14 30

1 2 7 6 12 2

1
[120]

2

60 units

 
       





 

 

 

 

Midpoint BD = M 

 

 
5 1

, 1,  4
2 2

x y   
 

 
  

 

5
1

2

5 2

7

x

x

x

 


  



  

1
4

2

1 8

7

y

y

y




 



  

 

D (7, 7) 

M1 

A1 

M1 

A1 

M1 

A1 

M1 

M1 

A1 
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10 (i) Solve the equation 4cos 2 3 2sinA A  for 0 2A   . [4] 

 

  

 

  

2

2

2

4cos 2 3 2sin

4 1 2sin 3 2sin

4 8sin 3 2sin

8sin 2sin 1 0

4sin 1 2sin 1 0

A A

A A

A A

A A

A A

 

  

  

  

  

 

 

 

1
sin

4

basic , = 0.25268

= + , 2 -

3.39,6.03

A

A



   

 







  

1
sin

2

5
,

6 6

A

A
 





  

 

 

 

 

 

 

 

 (ii) It is given that 
1

f ( ) 2cos6
2

x x   and g( ) 1 sin3x x  . State the period of f(x) 

and g(x), in terms of π. [2] 

 

M1 

A1 

M1 

A1 
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  Period of f(x) = 
2

6 3

 
   

 

  Period of g(x) = 
2

3


  

 

 

 

 

10 (iii) Sketch, on the same axes, the graphs of for f ( )y x and g( )y x  for

2
0

3
x


  . [4] 

 

 

 

 

 
(iv) Explain how the solutions of the equations in part (i) could be used to find 

the x-coordinates of the points of intersection of the graphs of (ii). [2] 

 

B1 

B1 

M1 Correct points 

M1 Shapes/ No of cycles 

 

1
2cos6

2
y x   

1 sin3y x   
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1
2cos6 1 sin 3

2

4cos6 1 2 2sin 3

4cos6 3 2sin 3

Let 3

4cos 2 3 2sin

x x

x x

x x

x A

A A

  

  

 



 

 

  The solutions in part (i) divided by 3 will be the x coordinates of the points of 

intersection of the graphs of (ii)  

 

 

 

 

 

 

~ End of Paper ~ 

A1 

M1 
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