CHIJ St. Theresa’s Convent
Preliminary Examination 2021
Secondary 4 Express

Additional Mathematics Paper 2

Marking Scheme
1(a) Show that the curve y = —3x?+kx+2 intersects the line y = x—5 for all real values of k.
3]
3x%+kx+2 = x-5 [M1]
X2 +(@1-k)x=7=0 ---(*
Discriminant = (1-k)?-4(3)(-7) [M1]
= (1-k)*+84
> 84 > 0 forall real values of k [Al — correct expression

and get D > 0]
so the equation (*) has real roots = curve intersects line for all real values of k.

(b) Determine the values of k for the line y = x + 5 to be a tangent to the curve y = —3x? + kx + 2.

[3]

3x%+kx+2 = x+5 [M1]
X2 +(@1-K)x+3=0 ---(*
Discriminant = (1-k)?-4(3)(3)
= (1-k)*-36
For the line to be a tangent to the curve, the quadratic equation has real and equal
rootsso D = 0. [M1]

(1-k)?>-36=0 = @1-k)*>= 36
= 1-k = +6
= k=-50r k=7 [Al]

(© Solve the equation x = +/1-x -5, showing clearly if the answers obtained are correct. [4]

x= Jl1-x -5 = Xx+5 = J1-x

= (x+5)* = 1-x [M1 — after shifting 5 to LHS]

= x> +10x+25 = 1-X

= X*+11x+24 =0

= x+3)(x+8) =0 [M1 — factorise]

= x=-3 or x=-8 [Al — both answers correct]
Check: [Al —reject x = —8 with
Whenx=-3, LHS = -3 working shown]

RHS = J1-(-3) -5 = -3

Since LHS = RHS, x =-3 is a solution.




2

remainder are Q(x) and R respectively, where a, b and R are constants.

When the polynomial f(x) = 2x° +ax’ +bx+4 is divided by x — 2, the quotient and the

(i) Form an equation relating f(x), Q(x) and R. [1]
f(x) = (x-2)Q(x) +R [B1]
Itis given that R = 8.
It is also given that the gradient of the curve y = f(x) at the point x = -1 is 0.
(i) Show thata=0and b = -6. [4]
Substitute x = 2:
f2)=8 so 22 °+a(2)’+b(2)+4=8
= 4da+2b = -12
= 2atb = -6 ---(1) [M1]
Y _ 6x® 4 2ax+D
dx
When x = 1, 6(-1)*+2a(-1)+b = 0
= -2at+b =-6 ---(2) [M1]
(1) + (2): 2b = -12
= b=-6 [A1]
(1) - (2): a=20 [A1]
(iii) Factorise f(x) completely. [3]
f(x) = 2x° —6x+4 = 2(x°—3x+2)
By inspection, f(1)= 0 so x-1isa factor of f(x). [Al]
f(x) = 2(x° =3x+2) = 2(x—1)(x* +x—2) [M1]
= 2x-D(x-1)(x+2) [A1]
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3(a) Solve (Igx)*= 3-2Igx. [4]
Let u = Igx
(Ilgx)?= 3-2lgx = u? = 3-2u
= u’+2u-3=10 [M1]
= @U-Du+3)=0
= u=-3 or u=1 [Al]
= Igx =-3 or Igx =1
= x=107 or x=10 [A2]
(b)  Use a change of base to find c?_x(|g3xz)' [3]
i 2\ — i |I’13X2 E 2) = i 2
o) = S0 ey o S(1gar) = S1gzegx)
-1 4d 2 - d
= Inlde(In?’X) = dX(I93+2ng)
_1(1 _,d
= Inlo(sxzj(ex) [M1] = 23-(lgx)
_ 2 _ 50d(1Inx
= Xinto A - 2dx(lnlO)
-2 d
- Inlde(InX)
_ 2
xIn10
© @) Find 2(e sinx) 2]
dx '
A/ v\
&(e sinx) = e*sinx+e*cosx [B2]
(i) Hence find Ifex(sinx+cosx)dx. [2]
Eex(sinx+cosx)dx = [exsinxﬁ [B1]
= egsin% — e%sin0
= % inX
e sm3 [B1]
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4(1)

(i)

21-20x

Find the coordinates of the stationary point of the curve y= — i where x = 1. [5]
X5 —2X+
2
dy _ (x —2x+1)(—§0)—(21—220x)(2x—2) [M1][A1]
dx (x*—=2x+1)
_ —20x* +40x — 20 — (42x — 42 — 40x* + 40x)
(x* —=2x+1)°
20x* —42x+ 22
(x* —2x+1)°
At the stationary point, (;I_y =0 so 20x*—-42x+22 =0 [M1]
X
10x* —21x+11 =0
(x-1)(10x-11)=0
x=1 (reject, givenx =1)or x=1.1 [Al]
When x=11, y = 212_ 200~ 449
1.1)%-2(1.10) +1
So the coordinates of the stationary point are (1.1, —100). [A1]
Use the First Derivative Test to determine the nature of this stationary point. [3]
dy _ 20X —42x+22
dx (X* = 2x+1)?
X 1.09 1.1 1.11 .
[M1 - suitable
gy _ 0 + values of x]
dx [Al — correct

shape \ —_— /

By the First Derivative Test, the stationary point is a minimum point. [Al]

values for d_y]
dx
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5(i) Given that (Lj = A+ B + C >, Where A, B and C are constants, find the value
x—1 x-1 " (x-1)
of A, of B and of C. [4]
2 2
( X j _ A B N C = A(x-1) +B(>2(—1)+C
x—1 x-1 = (x-1) (x—1)
x> = A(x-1)2+B(x-1)+C [M1]
Whenx=1, 1=2C [M1 — substitution method]
Whenx=0, 0=A-B+C = A-B=-1 ---(1)
Whenx=2, 4 =A+B+C = A+B =3 ---(2)
(1) + (2): 2A=2 = A=1
From (2), B = 2
[Al — one correct][Al — all correct]
(i)  Hence find js(—x )2 dx [3]
2\x-1 '
s x ) 3 2 1
I(—jdx: j1+ + 5 dx
2 X_l 2 X—l (X—l)
1 3
= [x+2|n(x—1 - —} [B2]
x=11,
- [3+2In(3—1) _ i}—[2+2ln(2—1) _ i}
3-1 2-1
3
= E+2In2 [A1]
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The variables x and y are related by the equationy = 107b*, where a and b are constants. The
table below shows values of x and y.

(i)

X 0 5 10 15 20 25
y 0.16 0.4 0.8 1.6 3.3 6.5
Plot Ig y against x for the given data and draw a straight line graph. [2]
X 0 5 10 15 20 25
y 0.16 0.4 0.8 1.6 3.3 6.5
lgy | -0.80 | -0.40 | -0.10 0.20 0.52 0.81
[B1 — accurate point of at least 4 points]
[B1 — reasonably good best fit line]
(if)  Use your graph to estimate
(a) the value of a and of b, [3]
y=10"b* = Igy = Ig(10?b%)
= lg(107?%) + Ig(b*)
= (Ilgh)x-a [M1 for eqn]
o _06-(-04) _
Gradient = Igh = 19555 - 0.063492  (from the graph)
b = 1.16 (3s.f) [Al — acceptable values: 1.05 <b <1.27]
Vertical intercept = (—a) = —0.75 (from the graph)
a =075 [Al — acceptable values: 0.70 < a < 0.80]
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(b) the value of x wheny = 4.

[1]

Wheny=4, Igy = 0.60 (2d.p.)
From the graph, x = 21.25

[B1 — acceptable values: 20 < x < 22]
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The diagram shows a point D on a circle, and TD is a tangent to the circle. Points A, B, and C lie
on the circle such that DC bisects angle TDB and TCA is a straight line. The lines TA and DB
intersects at E.

(1) Provethat CB = CD. [3]
ZTCA=/TDC (DC bisects £TDB) [B1]
ZTDC = «DBC (Alternate Segment Theorem) [B1]
.. ZTCA=~2DBC
.. ABCA is an isosceles A. [AG1]
.. BC=DC (proved)

(i)  Prove that EA bisects angle DAB. [4]
«CDB = ZCAB (Zs in the same segment) [B1]
ZTDC = Z/DAC (Alternate Segment Theorem) [B1]
Given £TDC = ZCDB (CD bisects £TDB),
.. ZCAB = ZDAC [B1]
Since ZCAB = ZDAC and E lies on AC, [AG1]
EA bisects Z/DAB (proved)
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8(i) Express 4sin2x + 3cos2x + 1 in the form Rsin(2x + o) + k, where R, o and k are constants
with R > 0 and o an acute angle.

[2]
4sin2x +3cos2x +1 = Rsin(2x+ a) +k
where R = V4°+3" = 5 [B1]
o = tanl(%) = 36.870° (55.f)
[B1]
and k =1
4sin2x + 3cos2x +1 = 5sin(2x + 36.870°) + 1
(i)  Solve 4sin2x + 3cos2x+1 =0 for 0 <x<180°. [4]
4sin2x +3cos2x +1 = 0
= 5sin(2x + VJa?+32)+1 = 0
- Sin(2x + wn*(2)) = —% [M1]
Basic angle = sinl( %) = 11.537° (5s.f) [M1]
Since the sine ratio is negative, the angle is in the 3™ or 4" quadrants. [M1]
2x + 36.870° = 180°+11.537° or 360°-11.537°
X = 77.334° or 155.797° (5s.f.) [Al — both correct]
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(iii)  Sketch, in the same diagram, the graphs of y = 4sin2x + 1 and y = —3cos2x for 0 <x < 180°.

[4]
y A
5 1 y =4sin2x + 1 Correct starting Pts [B2]
All others features [B2]
3 1
y = —=3C0S2X
> X
(iv)  Find the coordinates of the points of intersection of the two graphs. [2]
When x = 77.334°, y =-3c0s2(77.334°) = 2.71 (3s.f)
When x = 155.797°, y = -3c0s2(155.797°) = -1.99 (3s.f)
. the coordinates are (77.3°, 2.71) and (155.8°, —1.99). [B2]
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The point P(x, y) starts from the point Q with coordinates (5, 0) and it moves along the circle
x* +y* =25 in an anticlockwise sense. The angle QOP is @and it increases at a constant rate
of 0.04 radians per second.

The point M on the x-axis is such that PM is perpendicular to x-axis.

(i)  Find the area of triangle POM, giving your answer in the form ksin 26 where k is a

constant. [4]
X = 5cosé [B1]

y = 5siné [B1]

area of APOM = %xy

= %(5005 0)(5sind)  [M1]

= %sin@cos&

= ?(Zsin 6 cos )

= %sin 20 [A1]
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(i)  The area of the shaded region PMQ is A unit?. Obtain an expression for A in terms of 6.

[2]

_1 2 _é.
—2(5)9 4sm2¢9
L By Pa

= 20 4sm20

A = (area of sector POQ) — (area of APOM)

[B1 — for area of sector]

[M1]

(iii)  Find, in terms of O, the rate at which A is changing.

[3]

dA _ dA do
dt de  dt
_ d (25 25 .
= d@(?e = Tst@) x 0.04
2 25
== = 0.04
[ > 1 (2C0829)} X
= %(1 — €0s26)

[M1]

[A1]

[Al]

(iv) Hence find the exact value of this rate when P passes through the point (4, 3).

[2]

dA

=14 _
v 2(1 c0s 20)

= %[1 - (1-2sin°0) |

= sin’®
At the point (4, 3), tané@ = %
ino = 3
SO sing = 5
dA 3 9 o
at (E) = o5 unit</s

[Al - only from exact fraction]
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10 A particle moves in a straight line so that t seconds after passing through a fixed point O, its

velocity v m/s is given by v=7sin2t where0<t<=. Find

(i) the initial acceleration of the particle,

[2]
V=7sin2t = % = 7(cos2t)x2 = 14cos2t [B1]
Whent=0, acceleration = 14cos0 = 14 m/s? [B1]
(if) the value of t when the particle first comes to instantaneous rest, [1]
v=0 = sin2t =0
= 2t =0 or 2t=nm
so the particle first comes to instantaneous rest when t =0 or g [B1]
(iii) the maximum displacement of the particle, [3]
. . : ds _ . _ . _T
Displacement, s, is maximum when il v=0 ie att= 5
s= [vdt = [7sin2tdt = ZCB5% 4 [M1]
2
Whent=0, s=0 so ‘7"2°5°+c =0 = c:% [AL]
—7cos2(%) 7
=T -2l L
Whent = > S > + > 7 [Al]
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(iv) the distance travelled by the particle in the first 2.5 seconds after passing through O. [4]

VA
Distance travelled 74
_ [ area of shaded region
a froms=0tor=3
(area of <h: )
Ldl'ﬂd of shaded rebmnw [M1]

fromi=Ztor=2.5

v="Tsin2{

- / 25,
=7+ [‘J.:'?Hinz.rd.r} [M1] O 3 A
1 - ;
_ 5 +[_(—?c052fﬂ [M1]
2
_ 5 +[?c055 Tmsn} 11
2 2
= 11.5m (3sf) [A1]
Alternative solution
2.5071m
t=nm |I--------- i B < < A
=25 !
) Y 2
' 7m
o
Whent=25, s = w +; = 25071 [M1]
.. distance travelled = 7 + (7 —2.5071) [M1]
= 115m (3s.f) [A1]
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~~ End of Paper2 ~~
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