2021 4E Add Math Preliminary Examination (4049/1)

Marking Scheme

1 A curve is such that dx’

point (=17} js 9% =2+ 64 Eing the equation of the curve.

Y _a(1-2x)

. The equation of the normal to the curve at the

[6]

Working Mark allocation | Remark
d’y -
—=2{1-2x
dy” { j
1y . . . .
% =-2x"+2x+C M1 integration (with C)
X
|
Gradient of normal = ¥
. . M1
Gradient of tangent = —*
o
Sub dx cy==1
M1
—9=-2(-1) +2(-1)+C
==
M1
d—‘ = 2y +2x-5
dx
) M1 integration (with D)
1 == 4x —5x+D
"Jr
sup (=17
7= 2D 1) =5(=1)+D
= - — (- —5[—-
3 T\
D=2 Al
y=—= v 4 xt =5x4—
Equation of curve:




. 3 2 i
2 ()  Showthat # T ¢ isa factor of the expression P ~3P 4 +4d" [2]
Working Mark allocation | Remark
Letf(p)= # 3P a4
f(—49) = (—g) —3(-¢)q+4q° M1 accept long division
-0 method
, Al
- # 74 js afactor.
or
Let f(q) = ¥ —‘3p'qﬁ+ 4q° | M1
f(=) = p =3p(=p)+4(-p)
=0
Al
- # 74 is afactor.
(i)  Factorise # ~3P 444" completely. [2]
Working Mark allocation | Remark
Ap+g)p* —4pg +4g* M1 quadratic factor by long
Letf(p) = (P ) e ) Al division
= (p+alp-2q)
(iii)  Hence solve the equation (m+2) =3(m+2) (m—3)+d(m-3)" =0 [2]
Working Mark allocation | Remark

(m+2) =3(m+2)(m-3)+4(m-3) =0
By comparison with f(p),

p=m+2 g=m-3

ILm +2Y —=3m+2)Y (m=3)+4Hm-3) =0

From (ii),
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M1
(m+2+m—3)m+2-2(m-3)) =0
(2m—1)-m+8)" =0 Al For both correct answers
1
m=—
2or8
7 cus[. E] =10sind
3 (@)  Solve \ ,for 0=6 =2 [5]
Working Mark allocation | Remark
7 cuu[. E] =10sind
L2
0 . 0 0 .
Tcos 5= 10| 2sin 3 cos 5 M1 Use of sine double angle
ZHHI'HECDE;E 7cos—
272 2-0
0 . 0 .
COs 7 20sin . 71=0 M1 factorising
U(‘.IRE =0
2
o_=
2 2
Al
fl=m
§in — = —
or 2 20
o =0.35757
&)
—=0.35757
2 or 2.7840 AL AL
B =0.715(3 sf) or 5.57 (3 sf)
sec x tan x + sec” x 1
Il . - X : - 2
(b)  Prove that (tnxFsecx) +1 2 [3]
Working Mark allocation | Remark
LHS — secxlan x+ b:-t’:f:' X
(tanx+secx) +1
M1 expanding
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*
secxtanx+sec x

tan’ x + 2 tan xsecx +sec’ x+1

bl
Secxlanx+sec x

2tan xsecx +sec’ x+sec’ x

sec x( tan x +sec x )

2sec x( tan x + sec x)

M1

Al

use of identity:

| +tan” x =sec’ x

completion of proof

l
= 2 = RHS (proved)
4 Q) Write down and simplify, in descending powers of x, the first three terms in
|( . 2 w #
| X+
the expansion of * /' wheren>0. [2]
Working Mark allocation | Remark
Iy . 2 w A
X +_r-]
L X
. 2 ( n ; 2y
" 4 nxt ;L— x [i] +o
_ [r"; Ll]( | = M1
_ x4 2 4+ 2n(n—1) 7 Al
L3
(i) When the third term of the expansion is divided by the second term, s
obtained. Show that # =9, [2]
Working Mark allocation | Remark
En[n—]]_g M1
2n
Al
1 =9 (shown)
II.- . 2 w &
E: +_r:]
(iii)  Using the value of n found in (ii), without expanding * * ./ show that
there is no constant term in the expansion. [3]
| Working | Mark allocation | Remark
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'{9\' ¢ oend |" 2
T, =L |{r) —J M1
i'/l LA
[
9 (2.’ ].T-I 11
=\ '
Power of x = 43— 11r
For constant terme power of x =0
M1 equating power of xto 0
45-11r=0
43
ST Al
Since r is not an integer, there is no constant
term in the expansion.
39" )+2(4")=5(6"

5 (@) Solve the equation ( ) ( ] ( ) [5]
Working Mark allocation | Remark
3(9')+2(4")=5(¢")

3(3') +2(24) =5(32)

Letx=3%andy = 2%

3x° 42y =5y M1
3 =Sxp+2y" =0

(3x-2y)(x-y)=0 M1 factorising
3x=2p o x=y M1

A~ ak — 7 ,-JJ. ‘ .

3(3)=2(2) o 2 2

(3) _2

G) =3 Al Al
k——Lor k-0

\/[a—hz ] (ﬂ' +h:}
{-U'"E +h}\.l'ra: — b

(b)  Show that

m and n are constants to be determined.

can be expressed in the form m~a +nb where

[4]

Working

Mark allocation

Remark
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\{(a—h: ) (ﬂ+h:}
[V‘IE +b)v'ra3 —b*

\/(a—h:)(ﬂﬁ’f][a—h:}:

(Va+b)Va’—b* M1, M1 e
= V@ =0 in numerator
Va’ _;;..4 G «—&" in numerator
_ (Va+b)a* -b*
a-b’
(f ) M1 rationalising
_ ( a ”’] denominator
(a—b")(Va—b)
B [«J".;_.r+h](~.."';—h)
- . Al
(a=b*)(Ja-b)
= a-b’
= '\l'llf:_l'rf
4x +9x* —17x-5
Ty — .2
6 Q) Express (2x 3}("’ N ]) in partial fractions. [6]
Working Mark allocation | Remark
4x' +9x° —17x -5
(2x=3)(x" +1)
5. 15X —21x+1
_ T (2x-3)(x7 1) M1
ISx*-2lx+1 _ A4 Bx+C M1
(2x=3)(x*+1) 2x-3 X7 +1
150" = 21x+1=A(x* +1)+(Bx+C)(2x-3)
3
Xx=—=
Sub  2:3.25=3.25A M1 (correct value of A)
A=1
X D 1 =1-—
Sup ¥~ H:1=1-3C M1 (correct value of C)
C=0
Sub x—l:-35-2_B M1 (correct value of B)
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B=7

4 +9x° —17x -5 1

Al
Tx

(2x-3)(x" +1) 2+{3x—3]

+{.\'3 +]}

Differentiate ln(.r' *

1 .
) with respect to x.

(ii) [1]
Working Mark allocation | Remark
d ,
—In|x +1
Sin(x 41

2x 51
= .T:+|
I 4 +9x" —17x -5
2x-3)(

i) Hencefind | (2¥=3)(x'+1) [3]

Working Mark allocation | Remark

f 47 495 —17x-5
(2x=3)(x" +1)

Tx

I : .
IE dr + J‘m dx +jm(h

2.T+%|I‘I[2I—3}+%|I’](I?+1}+C B1,B1,B1

ey =

Deduct 1 m if student
did not put ‘C’.

Ya

25, 1)

2
X

3y

_1=l+_1

Two variables x and y are related by the equation ¥

4, where p and q are

constants. When the graph of ¥ against X s drawn, a straight line is obtained.
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i

Given that the line passes through the point (25, 1) and has a gradient 13, find

(i)  the exact values of p and q. [4]
Working Mark allocation | Remark
x 3y’
— =1+—=
P q
w_ox
g p
X 'd ILer: N . q:
¥ =| 3 |1~ - M1 manipulation of equation
\3P") 3 into linear form
19 1
Since gradient = 15, 37" 15 . (1)
4 __
sub 37" 15 and (25, 1) into equation: .
1Y 2 M1 correct substitution of
| = [— (25) 2 gradient and point into
15) 3 equation
a_2
3 3
i = i\-‘E
Sub 4 =2 into (1)
21
3p 15
r =+J10
= Jﬁ iq = »-.-'E
' ' Al for 1 correct
'P‘ - _\Ilrm ) {jr - _"\'fz ) pair
p=10 g=—J2 Al for 1 correct
: o pair
p=—10 g=42
—
|2
Y=ilz
(i)  thevaluesofxwhen V5 2]
Working Mark allocation | Remark
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1 2
Vo= -
15 3
[2
== M1 Substitution of y value
Sub I
2_1.2 Al
5 15 3
¥=+4
(b) Determine, showing your working, if it is possible for any line that passes

through the point (2, 1) to be a tangent to the circle with equation

X+ y —6x+8y—11=0 _ [5]
Working Mark Remark
allocation
¥ —6x+1 +8y—11=0
X —6x+(-3) —(-3) + +8y+4 -4’ -11=0
. . M1
(x=3) +(p+4) =36
_ M1
Centre = (3, —4)
. . M1
Radius = 6 units
Distance of centre of circle to (2, 1) M1
_J(3-2) +(~4-1)’ -
= 26 < 6 units which is the radius of circle
(2, 1) is inside the circle Al
it is not possible for any line that passes
through (2, 1) to be a tangent to the circle.

4x+15
V=
8 (@) A curve has the equation x—=9  where ¥ 2. Find the gradient function
of the curve and determine, with explanation, whether y is an increasing or
decreasing function. [4]
Working Mark allocation | Remark

dy _ (x=9)(4)—(4x+15)(1)
dx {.1‘—9]:

M1

PRELIM 4E Add Math 2021 4049/1




10

For 9 {'LI_{‘}J:}{}
dy sl

a

- LL\.' {_1(—9} <0

=> y is a decreasing function.

Al

M1

Al

i
(b)  The diagram shows part of the curve ¥ =M+

Ya
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11

Calculate the area of the region bounded by the curve, the line ¥~ 3 and the

X-axis. [5]
Working Mark allocation | Remark
y=Inix
r= g M1 making X the subject
Area of required region
'.||;.:- Ml
_ 3 - jl__ e dy
e Ty In+'3 M1 . . .
In3—| — integration of €
= ; 1]
i 1 M1 lication of definit
S application of definite
_n 3_5[( -1) integral
2
_ In3 3 Al
= 0.432 units? (3 sf)
9 (@) Write down the principal value, in radians as a multiple of 7, of
o o
cos |\—sm —
3. [1]

Working Mark allocation | Remark

s

6 Bl

(b)  x,yand zare three angles of a triangle. Given that x and y are acute angles
. 8 . 3
sin x = — sin y =—
such that 17 and 5, find the exact value of tanz without the
use of a calculator. [4]
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12

Working Mark allocation | Remark
tanz = tan(lSD"“—{xtl'}]l M1
_ —tan (x+¥) M1
_|'/ tan x + tan v ‘
- A\ I-tanxtany )
i 5
8,3 M1
N 15 4
(813
- = ]
RN RV VY
77 Al
= 36

10 A factory is tasked to design an open cylindrical container with a surface area of

2437 cm?. The radius and height of the cylinder is r cm and h cm respectively.

(i)  Show that the volume, V cm3, of the cylinder is

V="(243r—1%)

[4]
Working Mark allocation | Remark
" M1

2erh+ar =2437

243 —p* M1
h=

2r

V= [ 243 - 1 1

Jl 4, 2'1. A

Z (2437 -1) Al

=2 (shown)

(i) Find, in terms of 7+, the maximum volume of the cylinder. [6]
Working Mark allocation | Remark
dv =, y
—=—(243-3r"

o 28 M1
When volume of cylinder is maximum,
dV
=0
dr
~(243-3r%)=0 M1
2 |
r—9

PRELIM 4E Add Math 2021 4049/1




13

M1
d*v
—==37r
dre M1
=3 (9)
Subr=7; dr
- M1
= -2 T <0
~ Volume is a maximum whenr =9
2 (243(9)-9°)
Maximum volume = 2
Al

11 A particle moves in a straight line so that, t seconds after passing a fixed point O, its

velocity, v m/s, is given by v =26 —16¢+30

Q) Find an expression, in terms of t, for the displacement of the particle. [2]

Working Mark allocation | Remark

v=2r =161 +30

e 26 16t +304 D M1 integration of v
3 2
2:. ~8 +30c+ D

Subt=0,s=0

D=0
5 3

s=2 8¢ 4300 Al

Lad

(i) Sketch the velocity-time graph and hence find the range of times when the
particle is travelling towards O. [3]

Working Mark Remark
allocation

v=2t —16t+30
_ 2 =8i+15)
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14

_ 2t ~5)(t-3)

v (m/s)

30 |i

—t ()

2 cases for particle to travel towards O:
1)s>0&v<0or 2)s<0&v>0

To check if the particle will pass through O again:

Sub & —0;

2;' — 87 +306=0

260 =247 +90r =0

=12t + 45t =0
(£ =12t +45)=0

t—10 or i': 12¢+45=10

no solution since discriminant = {—IE] —4{4:1}

= —36 < 0
particle doesn’t pass through O again aftert =0
OR

Sub t =5 into displacement eqn:

s=-8(5) +1":T5]+3unj5)

Bl

M1

If students just
write3<t<5
without
checking s
award 1 m out
of 2 m.
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particle is on the right side of O and it is moving away

from O aftert =5.

Since s > 0 for all t, the range of times when the particle is

travelling towards O iswhen v <0, i.e 3 < <3 as seen

from the graph.

Al

(ili)  Calculate the total distance travelled by the particle in the first 7 seconds. [4]
Working Mark allocation | Remark
Whent =3,
. 2(3)
s=-8(3) + {3] +30(3) M1
= 36m
When t =5,
s=-8(5) +H—5]+3Ut'5} 33 Students might have
3 = 3Im shown this in part (ii).
Whent=7,
Vi M1
. 2
=-8(7) + {ﬁJ +30(7)
. |
46~
= m
Total distance travelled in 1% 7 seconds
/ 1N £ 2 1 M1
36+| 3633 |+] 465 -33 |
- \ 3) 0 3 3)
=32 mn
OR
Total distance travelled in 1% 7 seconds
462+ 1{3&—3311 Al
3 3

4

52m
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