2021 ACJC H2 Math Promo Paper Solution

Qn Solution
1 y=2sin(2x+a)cos(x) replace rby x+a y=2sin(2x+3a)cos (x + )
replace xby 2x y=2sin(4x+3a)cos (2x + «)
replaceyby =7 y ==2sin (4x+3a) cos (2x + @)
1) Translation of the graph by a units in the negative x-direction, followed by
2) Scaling parallel to x — axis by a factor of 2 .
3) Reflection in the x — axis.
y=2sin(2x+ ar)cos (x) —<BREIYIY o, = 9 gin (4x + ) cos (2x)
OR

—rpeerty i, y=2sin(4(x+4)+@)cos(2(x+%))

=2sin(4x+3a)cos(2x+ )

replace y by —y y=-2sin(4x+3c)cos(2x+ )

1) Scaling parallel to x — axis by a factor of /2 , followed by
2) Translation of the graph by ¢ units in the negative x — axis direction.
2

3) Reflection in the x — axis.
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(x+1)2
(x+2)(x-1)
Since (x+1)" >0 forxeR, (x+2)(x—1)>0.

Sox<—-2orx>1.
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Replace x by —, x
X

l<—2 or l>1
X X 1

.'.—%<x<0 or O0<x<l1




2x2—8y2:x2+xy2+100
x> —8y? = xp? +100
dy dy >
2x—-16y—=2xy—+
ydx xydx y
dy _ 2x—y?

= (shown)
dx 2xy+16y

Suppose Q=ﬂ=
dx 2xy+16y

2x=y’

. x* —8x 1

T 24224100 2
2x* —16x =3x* +100

x> +16x+100=0
(x+8)*+36=0

No solution since (x+ 8)2 +36>0 for xe R.

[Or using discriminant: ~ Since 16° -4(1)(100) = -144 <0, there’s no real roots.]

. d
.. There is no stationary point since ay #0 for xe R.
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(i) A |

y=1(x)

J replace x by x+2
y=1f(x+2)

J replace x by —x
y=1(2-x)

J replace x by |x|

y=12-|x)

(-2.-10) | (2.-10)




S(i)

A
Using Ratio Theorem o K
oC = L (a+kb) ¢
k+1 0O"p 8

(i)

Length of projection of OC onto 04

_[o¢4] _Jen

la

2

since0 <k <1

1
“2(k+1)

|(a+kb)-a

= mka'a + kb‘a)|

= ﬁ“ar + kb-a‘

‘4 + k|a| |b| cos (600 )

2(k+1)
1
2(k+1)

4+k(2)(1)ej‘ %(pmved)

(iii)

Area of triangle OAC
1

(a+ kb)‘
+1

1
:—|a><c|=—
2

2(k 1)|(a><a)+k(a><b)| since 0< k<1

2(k D |(k( ax b)| since a x a=0

NEY:

2(k +1)

NG
()7

Jaflblsin (60" ) =

2(k 1

2(k )

(@)

x-2 y+2 z-3
a b c

341
r=|-2(+Ab| (1)
3 c

L is perpendicular to L2,

Hid

4a+3b=0

L:

(i)

1
Since L; intersects L3, sub (1) into (2):

0
Equation of line L3 : r= ,u{l} --------- )




:ﬂ:—g

244a=0 =A=—-= - 3)
24+Ab=y e (4)
3+Ale=p (5)
Sub (4) into (5):
2+Ab=3+4ic = e (6)

Sub (3) into (6):
—2+(_—2)b = 3+(_—2jc
a a
—2a-2b=3a-2c
Sa+2b-2c=0 (Shown)

(iii)

Using results in (i) & (ii), use GC to solve:
4a+3b+0c=0
Sa+2b—-2c=0

6
a=—c
78
b=——c
7

@iv)

Using result in (ii1),

6
—C

L
c AQLEHA

Angle between L;and Ls:

[

0
1
1

i)

cosf =

V262 +82 + 72

0=86.7
Acute angle between the two planes is 86.7°

7 ()

y=f) |
@2p Jio |7

Note that D, =D, = [-2,-1)




(i)

/1+
x=- = (since —2<x<-1)
y
e T Lk S L
X X

1
Df—l = Rf: [g’w)

(i) | Since Rr= [1,00) =[0,00)=D, y
A

Hence gf exists.

[-2,-)—Lo[d,00)—E(—0,k] 44
Rgf = (_wa k]

y=—(x-2)"+k

8 AtE, y=a(l-cos8)=0.Hence cosd =1
D@ | ~o=2x
sox=2arn
Hence OF = 2ar

When y is a maximum,

(b) &

cos@=-1 OR —=a(sinf)=0
déo

~O0=r and y=2a

(i)

ﬂ= a(sinf) = 2asingcosg and
dé 2 2

£=a(l—cosl9) =a(1-1+2sin’ 6)= 2asin2g
déo 2




dy
- COS—

d_do —oot?

de  dx . 2
- S1n —
do

(iif) At B, Q=cot£—;ﬂ=tan£=%

dx 2 tan 6 3

p= 2Tﬂ(shown)

. d 0
(V) | Since -~ =cot—
dx 2
Gradient of normal at point B is —tan% =_\3.
. . 2
Equation of normal : y——a_—f[x—{ (T_SIHT)D
2r B
—2a==3| x=|al 2222
2ra a3 3
=—V3| x4 22 |t
g f[x 3 2 J 2
y=- 3x+2ﬂ
3
\/§y=—3x+27m
\/§y=—(\/§)2x+27ra
9(3) n+l

ZI 24— r)
r=7
n+1

-S12)+517)-8

r=7

_2(2n5_1)+nz+11 ) irz) [ j7+n+l)

PRI Y
() (;rl)(n+2)(2n+3)—(gj(7)(l3) [”25j(8+n)
n—5)(8+n)

=7(2* —1)+(ngl)(n+2)(2n+3) g1

Alternative Method:




6_
—M—91+§(1+6)
2-1 2

=2"+2+%(n+1)(n+2)(2n+3)——(n+1)(n+2)

=2 +{w6(n+2)}(2n+3—3)—198

—-198

=2 +%n(n+1)(n+2)—198

9(b)(i)

Using partial fractions,

1 _l[ 1 B 1 j
=1 2\r=1 r+l

Z”: 1 _l”(l_ lj
-1 2%

r—1

11
n+l




ii 1 1 S
(i) As n— 0,— —0,—— — 0, therefore z 5 converges.
n n+l =r-1
1
,:27'2—1 4.
(iii) 2 2 2 = 2
—t—t—t.= )y —
22 32 42 ;r2
Since r* —1< 17,
2 .2
R R
2 2 2
> —_—
;rz—l ;7"2
Z£<2[§j
r:2r 4
2 2 2 3
S.—+—+—+...<— (shown
27 3 47 2( )
10(i) 4 a -1
OA=|-2| O0B=|-1 ocC=|-17
0 2 p
Since 4, B and C are collinear, AB=kAC
1
a-4 -5 a—-4=-5k k__g
1 |=k|-5| =4 1=-5k =< a=5
2 p 2=kp p=-10
(i) 2 \
OP =| 3 |is position vector of a point on the line L. P\ ‘;} K <,\ )‘
0 \
2 4 -2
AP=|3|-| =2 |=
0 0
Distance from A to L
2
S iy L S
V4+1+1 |
-2 2
_ L 5 x| -1
Vo 1

5

1 1 93 [31
| 2 |==V251dr6a=, |2 = >
J6 J6 6 V2




(iii) 2 1 2 3 1
Normal ofplane;rzﬁx 1| =[1|x|-1|=| 3 |=3]|1
1 2 1 -3 -1

2
Equation of plane 7z: r-| 1 [=|3 |
0

Cartesian equation is x+y—z =5

(iv)

Let F be the foot of perpendicular from 4 (4, — 2, 0) to the plane 7
4 1 442
Equation of line AF :r=| 2 |[+4| | |=| 2+4
0 -1 —A
To find the point of intersection of line AF and plane 7,
substitute equation of line into equation of planex+y—z =35,
441-241+1=5 = 3A+2=5=>1=1
4 1 5
ZOF = -2 |+1] 1 |=| -1
0 -1 -1

Let the reflection of A about plane 7 be A’(x,y,z)
AF =FA'
OA'=20F - 04
5 4 6
O4'=2|-1|-| 2 |=| 0
-1 0 -2

Alternatively:

Since the line 4B is parallel to 77, then the reflected line about 7z will also be parallel

to 7, i.e. also parallel to the line AB.
6 1

Equation of reflected lineis: r=| 0 [+A| 1 [,AeR
-2 2

11(i)
(a)

A= %(lOsin )(10+10+2(10cos b)) = %(lOsin 0)(20+20cos )= (100sin &)(1+ cos O)
V' =(50)(100sin &)(1+ cos &) = (5000sin &)(1+ cos )




10

(b)

% = (5000cos &)(1+cos 8) + (5000sin £)(—sin &)

=5000(cos &+ cos* @ —sin” 0)
=5000(2 cos” O+ cos 6 —1)

v_y
do

(2cos® @+cosf—-1)=0
(2cos@—-1)(cos@+1)=0
Since @ is acute cos@ # —1

==
3
2
d_l; =5000(—4cos@sin & —sin f) = 5000(—i
o 2
. . 7
V' is a maximum when 6 = ?

Max V= (soooﬁ)(ul): 15000v3

2V 4

15000~/3 .
4

Maximum volume is m3 = 3750x/§ cmd.

3 )~ ~12990< 0 when 6= 3

T

(i) (2)

(b)

1
Volume of water = ¥ =[_-h(20+ 2} tan %)]50

V =[h(10+ 1)]50 = 500k + 50h*

a =500+1004 .
dh

av
When A=3cm, — =800
dh
@= ﬁxd—V=@cm s1= 1 cms'= 0.125cms™
dt dV dt 800 8
When the depth of the water is 4 cm,
area of water surface = y = (10+ 2/ tan %)(50) = 50041004

d dh 100
@ 100—= —cm?s! =12.5 cm?3s!
dt dt 8

12(i)

U, > 6550
3000+ (n—1)100 > 6550
n>36.5

-.37™ month

12(ii)

S, =g[6000+(n—1)100]

g[éooo +(n~1)100] 2 200,000

Method 1
By GC,




When 7 = 40, y =198,000 < 200,000
When n =41, y = 205,000 > 200,000
Method 2

g[6000+(n ~1)100]> 200,000
100n" +59007 — 400,000 > 0

(n—40.287)(n+99.287)>0

n<-99.3 (rej) or n > 40.3
.. 41 months

S =%[6000+(40—1)100] = $198,000
$200,000 - $198,000 = $2000

(iii)

End of the month
1.003 (500000 - x)

1.003 (500000 — x) — (1.003) x
1.003* (500000 — x) —(1.003) x —(1.003) x

[OSTIN SN

n

At the end of the nth month, the outstanding amount would be
1.003" (500000 — x) -(1 .003)"71 x—..—(1 .003)x

=1.003"(500000) - (1.003" ) x —...— (1.003) x
=1.003" (500000) - x[ 1.003+1.003° +...+1.003" |

1.003(1.003" -1
=1.003" (500000)—x[ ( )}

1.003-1
1003

=1.003" (500000) - ——x(1.003" -1)

.. A=500000, B = %

(iv) 1003

1.003” (500000) ———x(1.003" ~1) =0

Using GC, x =$5984.09 .

v)
Total paid: $5984.09x12x8 = $574,472.64

Interest: $574,472.64—$500,000 = $74,472.64




