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Solutions

13)

1-¢"
ex—Z

1 e’

ex—Z ex—Z

— e—x+2 _ eZ

f(x)=

s A=—¢"and g(x)=—-x+2

1(ii)

1. A translation of 2 units in the negative x-axis direction.
2. A reflection in the y-axis.

3. A translation of e’ units in the negative y-axis direction.

Alternativel:
1. A reflection in the y-axis.
2. A translation of 2 units in the positive x-axis direction.

3. A translation of e units in the negative y-axis direction.

Alternative2:
f(x)= e 2 a2 = eleet —g?
1. A reflection in the y-axis.
2. A Scaling parallel to the y-axis by the scale factor €.
3. A translation of e” units in the negative y-axis direction.

Alternative3:

f(x)=e " —e’ =¢’ (e*x —1)

1. A reflection in the y-axis.

2. A translation of 1 unit in the negative y-axis direction.
3. A Scaling parallel to the y-axis by the scale factor e”.

2(i)

x =2y° 1
x” +3xy

x' —2y* =x>+3xp

Differentiating implicitly wrt x:

dy dy
3x* —4y—=2x+|3x—+y(3
* ydx o (xdx n )]

dy
3x2 =2x-3y=(3x+4y)—=
x’=2x-3y=(3x+4y)

2
:d_y: 3x"—2x-3y
dx 3x+4y

Alternative (not advised)
Using quotient rule to differentiate:




(x? +3xy)(3x2 —4y3§j—(x3 —2y2)(2x+3x3);+y(3)j

5 =0
(x2 +3xy)

0

= (x2 +3xy)(3x2 —4y%j—(x3 —2y2)(2x+3X%+y(3)J

(because x*+3xy#0)

= 3x (x2 -i—?axy)—(x3 —2y2)(2x+3y) = 4y(x2 +3xy)%+3x(x3 —ZyZ)%

dy 3x° ()C2 "‘?’XJ’)_(X3 _2)’2)(23“‘3)’) x' +6xy+4xy’ +6y°
— _

dx 4y(x2+3xy)+3)c(x3 —2y2) 3x' +4xy + 6xy°

Sub x=1,

I’ -2y? B
P+3()y
=1-2y" =1+3y

=2y +3y=0

= y(2y+3)=0 ..y=0 or y:_%

Sub x=1and y =0 into d_y:
dx

dy 3 -2()-3(0) _1

dx 3(1) + 4(0) 3

Sub x =1and y=—i into d_y:
2 dx

3(1)2—2(1)—3(_2j_ .
dx 3(1)+4(‘23j 6

2(ii
PRy
3
/gg‘/
0, =tan™' (Ej o,
acute angle between tangents :
6, +6, =tan"' (%j +tan”' (%j =79.8"(to 1d.p.) (or 1.39 rad)
3D | fy=—% . 02
2—x

From graph, R, = {x eR:x#0, %}




a _a(2-x)

£ () = f(f(x)) =

h_ @ 4-q-2x
2—x

fz:xH@,x;tO,Z

4—a—-2x
Let y = , x#0,2

2—x
2-x=L=x=2-2

y y

~f! :xl%2—£,x;«r&0,ﬁ
X 2

3(ii)

For f*(x)=f"(x),

a(2—x) o, 4 ax—?2 2x—a

4—a—-2x x  2x—4+a  x
By observation, a =4.

3(ii)

2 x)=f"'x)=>f(x)=x
2x—4 4

Therefore 2! (x) = " (x) =f*(x) = =2——.
X X

4(1)

Consider y =k, ks a constant
x(x+a) iy
x—a
x* +ax = xk — ak
x*+(a—k)x+ak=0
For the range of y can take, the line y = & and the curve C should have

point(s) of intersection.
b’ —4ac>0

(a—k)2 —4ak>0
a’=2ak+k*—4ak >0
a’—6ak+k*>0

Considerk* —6ak +a* =0

k:6ai\/362c12—4a2 :(3i2\/§)a
.'.k2(3+2\/§)a or k£(3—2\/§)a

Hence, y > 3+2\/5)a or y£(3—2\/§)a

4(ii)

A




A(ii)

v

-~ X
87 (=a,0
Z
7 xX=a

x(x+a) _

Consider 3x
xX—a
x> +ax =3x"-3ax
2x* —4ax =0
x(x—2a)=0

x=0 or x=2a
Hence, y = |3x| and y =f(x)intersectat x=0and x=2a.

From the graph, x <0 or 0<x<a or x>2a.

Checking:

x(x+a) _

Consider —3x

xX—a

x* +ax =-3x" +3ax
4x* —2ax =0
x(2x—a)=0

x=0 or x:% (N.A. since a > 0)

5(i)

By similar triangles:

Nh? =2ah  a 4/

I - J(h—a) —a* =~h* —2ah

r
h-a
h* —2ah B a’ Q

- h /

h? r (shown) a

5(ii)

2 2
V:lm’2h =l7f ah h =l7[a2 h
3 3 (h-2a 3 h—-2a

— _}? 2 _
d_Vzlﬂaz(h 2a)(2h) h(l)zlﬁcﬂh 4ah 1 , h(h—4a)

2 2 na ———
dh 3 (h—2a) 3 (h—2a) 3 (h—2a)

When V is minimum, ((11—: =0




:>h(h—4a):0
Sh=0(ej wh>0) or h=4a

_ 2
d_V:l”a2h(h 4a2): zah 2(h—4a)
dh 3 (h-2a) 3(h-2a)

2
Lhz>0forh>0
3(h—2a)

! (4a) da (4a)
a d—V<Oforh:(4a)_ 0 d—V>0forh:(4a)+
dh dh dh
wh<4da h>4a
[:h—4a<oj [:h—4a>0j
Shape \ — /

Or 2" derivative test (by quotient rule):

& _i[lmz h(h—4a)]

di*  dh|\3" (h-2a)

1, (h-2a) (2h—4a)~h(h-4a)2(h-2a)
I (h-2a)
1 ,2(h=2a)[(h-2a)(h—2a)~h(h—4a)]

=—7a

3 (h-2a)’

2, [)?2\+4a274ﬁh/>hz\+M}
3 (h-2a)

4

8ra
3(h-2a)’
2 4
:>d12| __ 8na 3:ﬂ>0 (a>0)
dr*|,_,, 3(4a-2a) 3

Or 2" derivative test (by implicit differentiation):
2
v __mah (h—4a)
dn 3 (h - 2a)
24V
dh

2
6(h—2a)i—Z+3(h—2a)2 j Y - wa* (2h-4a)

h2

3(h—2a) ra’ (h2—4ah)

When 4 =4a (and d—V = Oj,
dh




e

dn®

0+3(4a—2a) —5 =a*(2(4a)—-4a)

2 3
:>d Ijz47r—azzﬂ>0 (a>0)
dh 12a 3

Therefore volume of cone is minimum when 4 =4a.

4V
. Minimum volume of the cone = lsz (L) = §7ra3
4a-2a 3

6() | ¢’ =2+sinx
Differentiating w.r.t. x,

b

€ =COSsXx

Differentiating w.r.t. x again,
2
e’ d—J;+ e’ d_y(d_yj =—sinx
dx dx \ dx
2

2
:e}’jx—J;Jrey(%] =2-¢’ ( e’ =2+sinx:>—sinx=2—ey)

2 2
= d—); + (d_yj =2e” —1 (shown)
dx dx

Alternative Method 1:
¢’ =2+sinx= y=In(2+sinx)

b_ cos.x :>(2+sinx)d—y:cosx ...... (1)
dx 2+sinx dx

) d’y dy .
(2+smx)g+a(cosx) =—sinx

(*ve’=2+sinx and fr (1) cosx:(2+sinx)d—:
2
e}'d—f+d—y(eyd—yj=2—ey
dx® dx\ dx
2 2
d_);_{d_y) =2¢ -1  (shown)
dx dx

Alternative Method 2:
¢’ =2+sinx= y=In(2+sinx)

dy _ cosx
dx 2+sinx
d’y (2+sinx)(—sinx)—cosx(cosx)
de? (2+sinx)2
B —2sinx —sin’ x —cos’ x
- (2+sinx)2
_ —2sinx-1

(2+sin x)2




2 2 . 2
LHS:(;X—J;+(%J _ “Zsinx 1+(2C°Sf‘ J
(2+sinx) +sinx

_ —2sinx—1+cos’x

(2+sin x)2
B —2sinx/f;+/f—sin2 X
(2+sin x)2
_ —sinx(2+sinx)
(2+sin x)2
—sinx 2
2+sinx 2+sinx
=-1 +%= 2¢ " —1=RHS (shown)
e
6(ii) 2 2
Differentiate d—J; + (d_yJ =2e " —1 implicitly w.r.t. x:
dx
3 2
d—f+ 2(d—yjd—f _e ¥
dx dx ) dx dx
When x=0, ¢’ =2+sin0= y=1n2
oY dy d_1
dxe 2

=Cosx:>(2)a:cosO:>—:

2 2 2 2 2
d—?zv+ & =2e-y—1:>d—f+ 1) oL —1:,»01—f=—l
d  Ldr &’ (2 2 &’ 4

3 2
d—f+2 Y d—;v:—ze-yd—y
dx dr ) dx dx

ERECRG U
.~.y1n2+@x+(‘4J : (4] :

X"+ X+
2! 3!

6(iii) | ¢’ =2+sinx

y=ln(2+sinx)

3 3
~In| 24+x-2 |=n| 2| 1+2-2
6 2 12
x X
=In2+In| 1+=——
2 12

x_fT [x_fT
3 2 12 2 12
=1H2+(£—x—j— > + +

2 12

~xIn2+———-— PRELI Py, R A (verified)
4 2 8 24




(1)

nth | Beginning End
year
| 8000 8000(1.032)
2 | 8000(1.032)+8000 8000(1.032)*+8000(1.032)
8000(1.032)%+8000(1.032)

8000(1.032)*+8000(1.032)>

3 | +8000 +8000(1.032)

8000(1.032)"+8000(1.032)""!

" +....8000(1.032)>+8000(1.032)

Total amount = 8000(1.032) +8000(1.032)*+....+8000(1.032)"
8000(1.032)(1.032" ~1)

1.032—1
= 258000(1.032” —1)

7(ii) | After 10 years, total amount in the account =25 8000(1 032" - 1)
=95522.18995
Let & be the additional number of years required.
95522.18995(1.015)k >8000x10+35000
(1.015)" >1.2039
Z1n1.2039 = k125
In1.015
2020+10+13-1=2042
Hence, he will have a total interest be first more than $35 000 at the
end of 2042.
7(iii) Year | Pay-out per month | Pay-out per year
1 850 12(850)
2 850+D 12(850+D)
3 850+2D 12(850+2D)
20
Total pay-out = 12><7(2><850+ (20-1)D)
120(1700+(20-1)D) = 352200
19D =1235
D =65
To find the year m with a pay-out of $1500:
850+ (m—1)(65)=1500
(m—1)(65) =650
m=11
.. The pay-out is $1500 in the 11" year.
8(i)

x=cosf = ﬂz—sint9
do




x cos’ @
———dx= 0)do
J.\/l—xz J.\/l cos? ( sinf)
=—jc‘?s Q(Siné’)de
sin @

=—Jcos3 0d0=—jcos29c050 dé
=—j(1—sin2 (9)0080 d¢9=—'|.cosﬁ—cosé’sin2 6deo

. sin’ @ sin® @
=—|sin@— +c=
3 3

cos@=x = cos’f=x" = 1—-sin’ 9 =x’

—sin@+c¢

ssin@=+1-x"
3
J. X =sm 9—smt9+c
1-x*

8(ii)

1Y 1Y
(2) _(2 1 1 1

r= 1‘(1j2_ B ah y=\/49_4@j2_\/491_4x@

. ) 1
Hence, the 2 curves intersect at the point (5

8(ii)

[Using GC to identify which graph is ‘on top’]

3

I\/49 4 -1

N3-16) ., 1. ,1 9 2
+——— | units or —sm —+———
24 7 83 3

9(a)@

Sub x=y—§ into x’ + px’ + p’x+gq




P
+p'ly-=
(ot
22p2 p3 p3 p3
=+ (=p+p)ry| B2l 4 2 e
yy(pp)y(33p Tty Ty e
32]92 7P3
y 3)/ q 27
73
:q—p
27

9(a)(i | -3i is a root of the equation )’ +6y—9i=0

i : : .
) ¥ +6y-9i= (y—(—31))(y2 +ay+b) = (y+31)(y2 +ay+b)
Compare coefficients
Y’ =9i =3ib=b=-3
Y :0=a+3i=a=-3i
¥ +6y=9i=(y+3i)(y* -3iy-3)
For roots of y*—3iy—-3=0
y* =3iy -3
—(=3i)£+/(=30) —4()(=3) 3i£3
y = =
2 2
Therefore, the other two roots are 3 +2\/§ and 3 _2\5 .
9(@)(i | For x’ +3x* +9x+7-91=0,let p=3,¢g=7-9i, then
ii)

_16°

2
Zf; =6, a=(7-9i) — —9i gives the equation in (ii).

Hence roots of x* +3x*+9x+7—-9i=0 are
3i++4/3-2 3i-+/3-2
2 ’ 2

x=y—-1=-31—-1,




9(b)

l4z+2+22 442"

(=10 10 ' '
e 2 |2isin— e —e ' =cosa +isina
= —(cosa —isina)

2isin b =2isina

103)

10(ii)

ldu=j—adt

u

i du = I—a dt
—at+c

ln|u|:—at+c:>|u|:e

u=Ae ™, where A=+ef

In (Ej = Ae ™
V

K —a _ A
7=€:Ae 'V =Ke 4"

10(iii)

_ fa—at
Ast—>0,e“ -0 and hencee ™" e’ =1
VK

The size of the lung tumour approaches K (mm3 ) .

K is the maximum possible size of the lung tumour that can be

achieved.

10(iv)

V =8000e """




When 1=0, ¥ =100.

100 =8000e " = 8L0= ¢! = A=In80.
When ¢ =100,

V =8000e 8% ~1595 81 ~1596 mm’

10(v)

VA

100

i 4

V =8000¢ m80e """

11(i) | ABQOP and CDPQ are symmetric about the vertical plane passing
through PQ. Hence direction of the normal is 2i+ j+ 3k .
2 4\ (2
r..l|=2]|1]|=22. 2x+y+3z=22.
3 4)\3
11(ii) | Normal of horizontal plane is k. Therefore
-23)(0
-1[]0
cosf = DAL _ 3 = 60=36.7°
NN
11(iii) | PQ is the line of intersection of the planes ABQP and CDPQ.
—2x—y+3z=2
2x+y+3z=22
Solving using GC gives
5 -1 5 -1
r={0|+A"| 1 [=/0|+4| 2
4 0 4 0

Given |FQ| = 3\/5,




5\ (-1 5 (-1) (4) (1 -1
00=|0|+4| 2 |=PO=|0|+4]| 2 |-|2|=|2|+4]| 2
4 0 4 o) (4) Lo 0
1 -1 -1 -1
2|+ 2 =35 (A1) 2 [=35=[A-1|| 2 [=3V5

0 0 0 0
:>|(/1—1)|=3:>ﬁ=4 or —2
1 7
=00=|8| or |4 (reject, from top view y-coordinate > 2)
4 4
Alternatively,

@:@igﬁ(@)

4 -1
=2 ]+3V5 21 —| 2

4 VIZ+2 0

4 -1 1 7
=23 2 |=|8| or |4 (reject, from top view y-coordinate > 2)

4 0 4 4

11(iv) | Let / be the line passing through (3, 6, 0) and perpendicular to the
plane ABQOP.
3 -2
l:ir=|6|+ul -1
0 3

For foot of perpendicular on the ABOP,

3 -2 -2

6 [+ul—-1|l-1]=2

0 3 3
= (—6-6)+u(4+1+9)=2
=>u=1

3 -2 1
=6+ -1|=|5
0 3 3

Hence hole on roof has coordinates (1, 5, 3).

Alternatively,
Let the point (3, 6,0) be R, then
4 3 1

RP=|2|-|6|=| -4
4] o 4




~1 ~1 4| -1
-2
S — 3 3 4 3
RN =RP. - 1=l =
N2+ 432 2217 +3 14 ;
3 -2 1
Therefore,ﬁ=ﬁ+ﬁ\/= 6|+ -1|=|5
0 3 3

Hence hole on roof has coordinates (1, 5, 3).




